UNIVERSITE ASSANE SECK DE ZIGUINCHOR

ECOLE DOCTORALE SCIENCES, TECHNOLOGIES ET INGENIERIE

UFR SCIENCES ET TECHNOLOGIES
DEPARTEMENT DE MATHEMATIQUES

THESE DE DOCTORAT

DOMAINE: SCIENCES ET TECHNOLOGIES
MENTION: MATHEMATIQUES ET APPLICATIONS
SPECIALITE: MATHEMATIQUES PURES
OPTION: ALGEBRES DE HOPF

Présentée par:

Christophe Lopez NANGO

Pour obtgnir le grade de:
DOCTEUR DE L'UNIVERSITE ASSANE SECK DE ZIGUINCHOR

Sujet de 1a these:

BRAUER GROUPS IN SOME BRAIDED MONOIDAL
CATEGORIES

Directeur de these:

Thomas GUEDENON

Soutenue publiquement le 08 janvier 2022 devant le jury composé de:

Président : QOumar SALL Professeur Titulaire UASZ
Rapporteurs : Ibrahima BAKAYOKO Maitre de Conf. Université de N’zérékoré (Guinée)

Oumar SALL Professeur Titulaire UASZ

Djiby SOW Professeur Titulaire UCAD

Examinateurs : Alassane DIEDHIOU Professeur Titulaire UASZ

Marie Salomon SAMBOU Professeur Titulaire UASZ
Directeur : Thomas GUEDENON Professeur Assimilé UASZ



BRAUER GROUPS IN SOME BRAIDED MONOIDAL
CATEGORIES

January 08, 2022



" Souviens-toi de tout le chemin

que UEternel, ton Dieu,
P’a fait faire---"
(Deutéronome 8:2).

Se souvenir ---

pour mieux vivre le présent
et envisager Uavenir.

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



ACKNOWLEDGEMENTS (Remerciements)

Gloire 3 FETERNEL DIEU qui, dans Sa Puissance, dans Sa Majesté, dans Sa Volonté
souveraine, dans Sa Grace et dans Son Amour infini, nous a protégé, conduit et in-
spiré dans toutes les étapes de cette these!

Je tiens avant tout a exprimer chaleureusement ma profonde gratitude a ’endroit de mon
Directeur de these, M. Thomas GUEDENON sans qui cette thése n’aurait jamais vu le jour.
Je le remercie non seulement pour les connaissances qu’il m’a apprises, mais aussi pour sa
patience, son encouragement, ses conseils, sa disponibilité, sa sympathie, son amitié et sa
générosité a partager ses idées, depuis mon mémoire de master jusqu’a la fin de cette these. Je
me trouve trés chanceux et honoré de pouvoir faire ma theése avec lui. Il a toujours été d'un
soutien sans faille, méme dans les moments les moins agréables. Ha! combien de fois par jour
je frappais a la porte de son bureau et il avait toujours interrompu son travail pour répondre a
mes questions et je partais du bureau toujours satisfait. En dehors de m’inculquer la passion
pour I'algebre, il m’a appris a faire de la recherche et a rédiger mes idées et résultats avec la
rigueur scientifique requise. Les histoires qu’il me racontait sont pour moi des lecons de vie et
m’ont beaucoup instruit. Qu’il me soit permis de dire qu’il est pour moi plus qu'un Directeur
de these.

Je remercie mes trois rapporteurs de these, les Professeurs Ibrahima BAKAYOKO, Oumar
SALL et Djiby SOW, pour avoir consacré autant de temps a la lecture et relecture minutieuse
de ce manuscrit et pour les différentes remarques et enrichissements qu’ils y ont apportés.
Qu’ils soient chaleureusement remerciés tous les membres du jury, en plus de ceux cités ci-haut
les Professeurs Alassane DIEDHIOU et Marie Salomon SAMBOU, qui m’ont fait ’honneur et
le plaisir de venir assister & ma soutenance. Je remercie tous les membres du Laboratoire de
Mathématiques et Applications de 'UASZ. Je remercie spécialement les organisateurs et mes
camarades doctorants et participants au Séminaire NLAGA (Non-Linear Analysis, Geometry
and Applicatons), dont les discussions au séminaire ont été particuliérement stimulantes. Je
ne saurais assez remercier Dr Thimack NGOM, Dr Daouda Niang DIATTA et Dr Mamadou
Eramane BODIAN qui m’ont donné libre acces a leurs bureau et matériels pour mener a bien
mes travaux, mais aussi pour leurs conseils, leur sympathie et leur simplicité. Je ne saurais
non plus assez remercier nommément mon prof et mon mentor Moussa FALL qui m’a formé
depuis le Lycée et qui a chaque rencontre m’arrose de conseils. Merci particulierement a mon
grand Docteur Souhaibou SAMBOU, a mes amis Ibou GOUDIABY, Pape Modou SARR, Guil-
laume SADIO, Marcel BADIANE et Moustapha CAMARA.

ii



111

J’exprime ma profonde et totale gratitude a ’égard du Professeur Magatte CAMARA, lui qui
m’a accueilli et a guidé mes premiers pas a 'Université Assane SECK de Ziguinchor. Si vous
me le permettez, "Prof," merci infiniment.

A mon pére le Pasteur Zacharie ETOUNDI, 4 ma mére Angéle ETOUNDI et 4 mon épouse
Joséphine A. N. Nango, merci infiniment d’avoir été 1a pendant les moments agréables et
les moins agréables, merci pour vos priéeres, vos conseils, vos encouragements et tous vos in-
vestissements de toute nature dans ma vie. Toutes mes reconnaissances a tous mes freres et
sceurs en Jésus-Christ de la Communauté Missionnaire Chrétienne Internationale et spéciale-
ment a notre leader national le Pasteur Fidele Lebon BAKAM pour toutes les priéeres, tous les
enseignements et tout le soutien que j’ai recus durant toutes mes années estudiantines. Quelle
grice est mienne d’appartenir a cette grande et merveilleuse famille, la "CMCI".

Quels mots utiliser pour exprimer mon immense gratitude a 1’égard de mon cousin Jean
Paul DIATTA, de mes oncles Norbert MENDY et Benjamin MONTHEIRO, de papa Paul GOMIS,
de mon prof Alassane CISSE, de Guy et Judith MBATCHOU pour tout ce que vous avez investi
dans ma vie et dans mes études pour que ceci soit possible depuis le lycée jusqu’a ce jour. Du
fond de mon cceur je vous dit merci.

Ces remerciements seraient incomplets si je ne mentionnais pas mes fréres et sceurs de la
famille NANGO et DIATTA (Kandialang),
---a vous qui aviez pris tendrement soins de moi depuis ma tendre enfance,
---a vous qui m’aviez porté, soigné, habillé, nourri et soutenu de pres ou de loin pendant que je
vivais les pires moments de ma vie,
---& vous qui m’aviez inspiré le courage de continuer quand tout semblait s’écrouler,
---a vous, je dédie toute ma gratitude du tréfonds de mon coeur.

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



ABSTRACT (Résumé)

Dans cette theése, nous nous sommes intéressés aux groupes de Brauer de certaines catégories
monoidales tressées et a établir des liens entre eux. Ainsi, aprés avoir énoncé les généralités
sur les algebres de Hopf et sur les notions de catégories dans le chapitre 1 de ce manuscrit,
nous avons défini dans le chapitre 2, la notion de groupe de Brauer-Clifford pour la catégorie
des (S, H)-dimodules dyslectiques, ot H est une algébre de Hopf commutative et cocommuta-
tive et S une algébre de H-dimodule H-commutative sur un anneau commutatif R. Ce groupe
de Brauer est un exemple de groupe de Brauer dans une catégorie monoidale tressée. Nous
avons également montré que ce groupe de Brauer est anti-isomorphe au groupe de Brauer de
la catégorie des (S°?, H)-modules de Hopf-Yetter-Drinfel’d dyslectiques defini par Guédénon et
Herman (cf. [32]). Pour une algebre de Hopf H commutative, cocommutative, projective de
type fini comme un R-module, Tilborghs dans [58], a établi un anti-isomorphisme de groupes
entre le groupe de Brauer BD(R,H) des H-dimodules et le groupe de Brauer BD(R,H™) des
H*-dimodules, ou H* est le dual linéaire de H. Nous avons généralisé dans le chapitre 3 ce ré-
sultat en établissant un anti-isomorphisme de groupes entre BD(S,H), le groupe de Brauer
des algeébres de (S,H)-dimodules dyslectiques et BD(S°?,H*), le groupe de Brauer des al-
gebres (S°P,H*)-dimodules dyslectiques, ou S est une algebre de H-dimodule H-commutative
et S°P est 'algebre opposée de S. Le chapitre 4 est consacré a la généralisation de la suite
de Rosenberg-Zelinsky aux algébres d’Azumaya des (S, H)-modules de Hopf-Yetter-Drinfel’d
dyslectiques dont les termes sont le groupe des automorphismes des S-algebres H-inner (H-
INNER) d’une algebre A € Dys-g2H et le groupe des classes d’isomorphismes des S-modules
inversibles ((S,H)-modules de Hopf-Yetter-Drinfeld dyslectiques inversibles) sous le produit
tensoriel &g noté Pic(S) (P2H(S,H)). Lorsque H est une algébre de Hopf commutative
cocommutative, nous avons aussi établi la suite exacte de Rosenberg-Zelinsky des algebres
d’Azumaya des (S, H)-dimodules dyslectiques.

iv
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INTRODUCTION

This thesis is motivated by the importance of Hopf algebras (for a historical overview of Hopf
algebras, see [3]) in the theory of "integrals" (Hopf modules [56, Sect. 4.1], Hopf-Galois theory
[19], relative Hopf modules [57]), in the theory of Brauer groups (Long dimodules [40]), in the
theory of quantum groups (Yetter-Drinfeld modules [62]) and in the theory of invariants (Hopf
superalgebras which generalize the supergroup notion), --- But we have particularly focused
on the study of Brauer groups in some braided monoidal categories.

In 1929, Richard Brauer (1901-1977) defined a group that classifies central simple algebras
over a given field. Let & be a field. A k-algebra A is said to be central simple if it is simple (it
has non-zero ideals) and central (its center is Z(A) = {x € A;x.a = a.x,Va € A} is isomorphic to
k). For example, an Azumaya k-algebra is a finite-dimentional central simple algebra. Every
field % is central simple over itself. The quaternions ring H, introduced by William Hamilton
(1805-1865) is a central simple algebra of rank 4 over R. The field C, of complex numbers, is
not central simple because R is not its center.

The algebra #,(k), of n x n ( n € N*) matrices with entries in a field k&, is an Azumaya k-
algebra. If a k-algebra is an Azumaya k-algebra, so is its opposite algebra A°? and there is an
isomorphism of algebras

A®A°? - End(A), (a®b)(x)— axb,

where ® denotes the tensor product over R and End(A) the algebra of R-endomorphisms of A.
According to R. Brauer in his study of division rings, there is an equivalence relation on the
set of Azumaya algebras. Two Azumaya k-algebras A and B are equivalent (or similar), and
we write A ~ B, if there exist two non-zero integers m and n such that

A®M,(R)=B® My(k)

an isomorphism of k-algebras. The equivalence class of an Azumaya k-algebra A is denoted by
[A]. The set of equivalence classes of Azumaya k-algebras induced by the relation " ~ " with

the operation
[Al[B]=[A ®B]

is a group for which the unit element is [2] and the inverse of the class [A] is the class [A°P].
This group is denoted by Br(k) and it is called the Brauer group of %.

The concept of Brauer group of a field was generalized, over time, to various contexts. The
Brauer group for a commutative ring was defined by Auslander and Goldman [6] and for a
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ringed space by Auslander [5]. Grothendieck [26] defined the notion of a bundle of Azumaya
algebra for a k-scheme V and constructed the Brauer group of V, denoted today as BrAz(V).

Knus [38] and Childs, Garfinkel and Orzech [20] considered algebras graded by an arbi-
trary finite abelian group G. They introduced a Brauer group of graded Azumaya algebras,
By(R,G), for G a finite abelian group, R a commutative ring with units group U(R), and
¢:GxG — U(R) a fixed bimultiplicative map. When G = Cgq, the cyclic group of order 2,
and ¢ is nontrivial, By(R,G) is the Brauer-Wall group introduced by Wall [61]. Another gener-
alization of the Brauer group was developed by Frohlich and Wall [25]. This is the equivariant
Brauer group which involves algebras on which a group acts.

In [41], Long introduced BD(R,G), the Brauer group of algebras graded by an arbitrary
group GG and also acted on by G so that the action preserves the grading. Then, Long computed
BD(R,G) for a cyclic group of prime order over an algebraically closed field. In [40], he further
extended this to BD(R,H) where H is an arbitrary commutative and cocommutative Hopf
algebra over a commutative ring R. This coincides with the former Brauer group in [41] if
we let H = R[G], the group algebra of G over R. BD(R,H) is called the Brauer group of H-
dimodule algebras or the Brauer-Long group: it consists of equivalence classes of H-Azumaya
algebras.

An important step in this sequence of extensions was made by B. Pareigis who, in 1975,

defined the Brauer group of a symmetric monoidal category [47]. After, A. Joyal and R. Street
introduced, in 1993, the concept of a braided monoidal category [36], F. Van Oystaeyen and
Y. Zhang extended, in 1998, Pareigis’ definition of the Brauer group [59] to such categories de-
noted Br(%), where ¥ is a Braided monoidal category. Before that, the authors with Caenepeel
[17] introduced in 1997, Br(g% 2) the Brauer group of the category g% 2% of Yetter-Drinfeld
modules over a Hopf k-algebra H. It is denoted BQ(%,H) and it is called the full Brauer group
of H. It is this generalization of [59] that we need here, since the category of dyslectic dimod-
ules is braided, not symmetric in general.
Let H be a commutative cocommutative Hopf algebra over a commutative ring R. The category
2 of H-dimodules is a braided monoidal category, so one can consider (commutative) algebras
in it. These algebras are termed (quantum commutative) H-dimodule algebras. Let S be such
a quantum commutative H-dimodule algebra. An (S, H)-dimodule is an H-dimodule with a left
S-action satisfying some compatibility conditions. We can consider the category s2% of (S, H)-
dimodules. Using the braiding on 2%, the left S-action on an (S, H)-dimodule M can be used to
define a right S-action on it, making M an S-bimodule. Then the tensor product M ®g N of two
(S,H)-dimodules M and N is again an (S, H)-dimodule, see [33, Lemma 3.1]. Thus we obtain
a monoidal category (s2%,®g,S). This category is not braided; the reason is that the braiding
map Y,y : M ® N — N ®M does not induce a well-defined map y,, , : M ®s N — N ®s M. How-
ever, if M and N are dyslectic, then there is no problem. Actually this is how the definition of
dyslexia modules was designed by Pareigis in [50]. The full subcategory Dys-s2H of 2 con-
sisting of dyslectic (S, H)-dimodules is a braided monoidal category. There are some additional
properties making the category closed, see the Lemmas in [33, Sect. 4]. With these properties,
according to [69], we can define the Brauer group of the category of dyslectic (S, H)-dimodules
Br(Dys-s2™) denoted by BD(S,H). For more recent versions of the Brauer group, see [32],
[341,[27], [551, [35], [281,[29], [30], [53], [11],--- The list is not exhaustive.

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021
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The content of this thesis is divided into four chapters. In Chapter 1 we give the generali-
ties on Hopf algebras, monoidal categories, symmetric monoidal categories, braided monoidal
categories and their functors which we use to establish some of our results. The Chapter
2 is the subject of an article [33] entitled "A Brauer-Clifford-Long group for the category of
dyslectic (S, H)-dimodule algebras." In this one, we considered the monoidal category s2F of
(S, H)-dimodules, where S is a H-dimodule algebra H-commutative according to the braiding
of dimodules. As this category being neither symmetric nor braided, the notion of dyslexia
([50]) is used to make it monoidal braided. This gives us the theorem:

Theorem 0.0.1. /33, Theorem 4.4]
The category (2ys-s@™,&g,8S,y) of dyslectic (S,H)-dimodules is a braided monoidal category.

We define the Azumaya algebras in the category (2ys-s2H,&g,S ,7) and obtain the main
result of this chapter:

Theorem 0.0.2. /33, Theorem 6.5]

Let H be a commutative and cocommutative Hopf algebra and S an H-commutative H-dimodule
algebra. Then BD(S,H) is a group. If [A] and [B] denote the equivalence classes of dyslectic
(S,H)-dimodules Azumaya algebras A and B, then in BD(S,H), we will have [A].[B] =[A#gB].
The identity of BD(S,H) is the equivalence class [S] consisting of all trivial dyslectic (S,H)-
dimodules Azumaya algebras, and [A]" L= [A] ,forall [A1e BD(S,H).

This group generalizes the Brauer group BD(R,H) defined by Long in [40]. In 2018,
Guédénon and Herman in [32] introduced the category dyslectic Hopf Yetter-Drinfel’d (S, H)-
modules denoted Dys-g2H and its Brauer group BQ(S,H) called Brauer-Clifford group. In
this chapter, we establish a link between the groups BD(S,H) and BQ(T,H) as follows:

Theorem 0.0.3. /33, Theorem 8.7]
Let H be a Hopf algebra and S be an H-commutative H-dimodule algebra. There is an anti-
isomorphism of groups

¥ :BD(S,H) — BQ(S°?,H) given by x([A]) = [[A°P]],

where [[A°P]] represents the class of A°P in BQ(S°?,H).

In Chapter 3 (which is an article [46], accepted for publication in Beitrdge zur Algebra und
Geometrie), we consider a commutative cocommutative Hopf algebra H which is finitely gen-
erated projective over a commutative ring R. If so, the dual of H , H* is also a commutative
and cocommutative Hopf algebra. We show that if an R-module S is an H-commutative H-
dimodule algebra then, its natural opposite algebra S°P is an H*-commutative H*-dimodule.
This leads us to deduce the braided monoidal category (D ys-gor ot *,ésop,SOp,'y*) of dyslec-
tic (S°P,H*)-dimodule algebras and its Brauer group BD(S°P ,H"*). In this chapter, we have
generalized Tilborghs’ result [58] by the theorem:

Theorem 0.0.4. The functor

(9’(/)0’(/)2) : DyS'S@H-reU - DyS-Sop@H*

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021
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is an isomorphism of braided monoidal categories. Consequently
BD(S,H)°? ZBD(S°?,H"),

as isomorphism of groups. This means that BD(S,H) and BD(S°P,H") are anti-isomorphic
Brauer-Clifford-Long groups.

The Chapter 4 of this thesis is devoted to the Rosenberg-Zelinsky exact sequence which
links the Picard group to the classes of automorphisms of Azumaya algebras for the categories
Dys-s 2 and Dys-g2™ separately. These sequences are defined as follows.

Theorem 0.0.5. Let A be a dyslectic Hopf Yetter-Drinfeld (S,H)-module Azumaya algebra.
Then there are exact sequences of groups

1— H-Inn(A) — H-Autg(4) > Pic(S) (0.0.1)

and
1— H-INN(A) — H-Autg(A) 2 P2H (S, H). (0.0.2)

The homomorphisms V¥ and @ are respectively defined by V(a) = [Gg(1Ag)]land ®(a) ={Gg(1A)},
for every a € H-Autg(A), where Gy is the inverse of the equivalence functor Frj: N — A ®g N.

Theorem 0.0.6. Let A be a dyslectic (S,H)-dimodule Azumaya algebra. Then there are exact
sequences of groups

1— H-Inn(A) — H-Autg(A) % Pic(S) (0.0.3)

and
1—>H-INN(A)—>H-AutS(A)E»P@H(S,H). (0.0.4)

The homomorphisms V' and @' are respectively defined by ¥'(a) = [[Gu(1A)]] and @' (a) =
HGH(GAY, for every a € H-Autg(A), where Gy is the inverse of the equivalence functor Fyy :
N — A®gN.

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



GENERALITIES ON HOPF ALGEBRAS

{ Chapter 1

In all this text, R is a commutative ring, the unspecified tensor product is on R and all maps
are R-linear (unless specified).

1.1 Coalgebras

Definition 1.1.1. An R-algebra A =(A,ma,14) is a triplet where A is an R-module and the
maps ma:A®A — A;a®a' —a.a' =aa’ and ps : R — A;1— Al are R-linear maps such that
the following diagrams are commutative:

e the associativity
idg®my

A9A9A———= A®A
ma®ida ma

A®A A

o the unity
A®A

pA W WHA

R®A my A®R

idy idy

A

The map m 4 is called the product or multiplication, the map ua is the unity map and pa(1g)
is the unit element of A.

Let (A,ma,ua) be an R-algebra. We set AP = (A,mzp,uA), where mZp =Tomy and 7 :
A®A' — A'® A denotes the flip map t(a®a’) =a’ ®a. Then A°P is an algebra, called the
opposite algebra of A. An algebra (A,m 4,u4) is said to be commutative if m 4 = mgp .
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Definition 1.1.2. A morphism of R-algebras is a map f : A — A’ such that the following dia-
grams are commutative:

AgA— "4 A A Y
fof f wa| M
AgA ——— A R

A coalgebra is the dual notion of algebra. It is defined by reversing the arrows in the
definition of algebra.

Definition 1.1.3. A co-algebra (or coalgebra) C is a triplet (C,Ac,ec); where C is an R-module,
Ac:C — C®C and e¢ : C — R are R-linear maps such that the following diagrams are
commutative:

CoCaC <2 cec CeC
eciz‘d/ Wjo
Ac®ide Ac ReC Ac C®R;
ide idc
CeC C C
Ac

which translates to:

e the co-associativity:
(Ac®idc)oAc =(idc®Ac)oAc,

e the co-unity:
(idC ® gc) oAc = (EC ® idC)O Ac.

The map Ac is called the co-multiplication or the co-product of C and the map e¢ is called the
co-unit of C.

Sweedler notations [56]:
Let C =(C,Ac,ec) be a coalgebra. An element of C®C is of the form ¥, ¢; ®d;. For uniformity
of writing and by convention, we use the Sweedler-Heyneman notation: let ¢ € C, we denote

Ac(C) = ZC(D ®C@2) = ch ®c2=cC1)®cC@) =Cc1®cCo.

Sweedler-Heyneman (or Sweedler) notations are very useful for doing calculations in coalge-
bras. In the rest of this work, we will use the notation A¢(c) = ¢1 ® cg. With this notation, the
axiom of co-associativity is translated as:

Ac(c1)®ca=c1®Ac(c2);

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021
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that is,
C11®Cc19®Cc2=¢c1®C21®C92=Cc1®Cc2®cC3, VeeC.

The axiom of co-unity translates into:

ecler)eg=c=ciec(eg), VeeC.

Let (C,Ac,ec) be a coalgebra. We set C°°P = (C,Aocp,ec), where Aocp =710Ac. C°P igsa
coalgebra called the co-oppisite coalgebra of C. A coalgebra C is said to be cocommutative if
Ac = Aocp .

Definition 1.1.4. Let C =(C,A¢,ec) and D =(D,Ap,ep) be two coalgebras.
We define two R-linear maps A, , :C®D — Co®D®C®D and
:C®D — R given by:

CeD

€cep

Aeop =(idc® T4, ®idp)o(Ac®Ap) and &,,, =€ec®ep.

In other words we have:
Acep(c®d)=c1®d1®ce®dy and ¢,,,(c®d)=E¢c(c)ep(d),
where Ac(c)=c1®co, Ap(d)=di®ds.

Proposition 1.1.5. The triplet (C®D,A
product of coalgebras C and D.

cen s Ecep) defined above is a coalgebra called the tensor

Definition 1.1.6. Let C and D be two coalgebras. An R-linear map f : C — D is a morphism
of coalgebras if the following diagrams

c fc _ cecC C ' . D,
f Fof e d
D D&D R
D

are commautative. That is: (f ® f)oAc =Apof and epof =¢c, in other words
fehn®fle)g=f(c1)®f(ca) and ep(f(c))=¢eclc) VceC.

Remark 1.1.7. 1. Let (A,ma,us) be a finite dimensional algebra, then its dual A* is a
coalgebra with comultiplication

*

my

Apx: A¥ (A®A)* A*@A*

and counity ea+ = .
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2. Let (C,A¢,ec) be a coalgebra not necessarily of finite dimension. Its dual C* is an algebra
with product

*

me:C*®C* —— = (CeC)* — <~ C*

o .
and the unity is pc+ = €.

Proposition 1.1.8. /22, Proposition 4.1.1] Let (B,mp, i) be an algebra and B = (B,Ap,ep) be
a coalgebra. The following assertions are equivalent:

1. The maps mp and ug are morphisms of coalgebras.
2. The maps Ap and €p are morphisms of algebras.

Definition 1.1.9. A bialgebra B is a quintuplet (B,mp, up,Ap,ep) such that (B,mp,up) is an
algebra, B = (B,Ap,ep) is a coalgebra and the maps Ag and g are morphisms of algebras (or
equiventely the maps mp and up are morphisms of coalgebras).

A bialgebra morphism f : B — B’ is a linear map which is both a morphism of algebras and
cogrebras.

Definition 1.1.10. Let B be a bialgebra. We say that a nonzero element x of B is a group-like
element if:
Ap(x)=x and eg(x)=1pg.

We say that an element x of B is a (g,h)-primitive element if:

Ap(x)=g®x+x®h and ¢€ep(x)=0

where g and h are group-like elements of B. An element x of a bialgebra B is said to be a
primitive element if:
Apx)=x®1lgp+1g®x and ¢eg(x)=0.

Remark 1.1.11. 1. If(B,mp,up,Ap,€B) is a bialgebra, then B°? = (B,m%’,up,Ap,ep), B¢P =
(B,mB,,uB,A%p,EB) and BOoP-oP — (B,m%p,yB,A%p,EB) are bialgebras.

2. If B is a finite dimentional bialgebra, then its dual B* = (B*,mp=,up*,Ap*,€p*) is a
bialgebra (cf. [22, Proposition 4.1.6])

1.2 Hopf algebras

Let (A,m4,14) be an algebra and (C,A¢,ec) a coalgebra. Let Hompr(C,A) be the set of R-linear
maps from C to A.
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Definition 1.2.1. Let f,g € Hompg(C,A). The convolution is defined by :
frg=mpo(f®g)oAc;

which translates into the commutativity of the diagram:

feg

CeC AsA

Ac ma

C A
fxg

In other words, with the Sweedler notation, for all c € C we have:
(f = g)c) = f(c1)g(ca).
This product is called the convolution product.

Proposition 1.2.2. Let (A,ma,ua) be an algebra and (C,Ac,ec) be a coalgebra. (Hompg(C,A); *)
is a unitary algebra of unit element usoec. In particular, the dual C* = Hompr(C,R) of C is a
unitary algebra of unit element ugoec =¢c.

Definition 1.2.3. Let H = (H,mp, um,Ar,eq) be a bialgebra. Let Endgr(H) be the set of endo-
morphisms of H. Its unit element is ugoep. The unique inverse of idp (if it exists) in Endg(H),
called the antipode of H is the map S :H — H. So Sy € Endr(H) and

Spg*xidg=pgoeg=idg *SH.

Definition 1.2.4. A Hopfalgebra is a sextuplet H = (H,mpg, ixg,Am, 0,5 1), where (H,mg, ug, A, €H)
is a bialgebra and Sy : H — H is a linear map, called the antipode (or the coinverse) of H,
such that the following diagram is commutative:

Speidyg

HeH —H®H

This means that,
mpyo(Sy®idy)oAy =pugoeg=mpyo(idg®Sy)oAy.
With Sweedler’s notations, it is equivalent to:
Su(h1)ho =eg(h)lg =h1Su(he) VheH. (1.2.1)

The formula (1.2.1) is called the antipode formula.
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Theorem 1.2.5. (The properties of the antipode)
Let H be a Hopf algebra with antipode Sg:

i) Sg:H — H°P is an algebras homomorphism:

Su(gh)=Sua(h)SH(g), Sp(lg)=1y Vh,g€H. (1.2.2)

i) Sy :H — HP is a coalgebras homomorphism:

Ap(Sa(h)) =SH(h2)® SH(hy), eg(Sp(h))=ex(h) VheH. (1.2.3)

1i1) If H is commutative or cocommutative, then S?{ =1idg, that is, SI_{I =Sy.
Corollary 1.2.6. Let (H,mpg,um,Ag,eq,SH) be a Hopf algebra with a bijective antipode. Then
HP =(H,my ,ug, Mg, 1,85
is a Hopf algebra.

Proposition 1.2.7. Let H and H' be Hopf algebras with antipodes Sy and Sg respectively.
The tensor product H® H' is a Hopf algebra with antipode Sger =SH ® Spy.

Lemma 1.2.8. Let H = (H,mpg, g, Am,em,S) be a Hopf algebra with bijective antipode Sp.
Then,
Sit(ho)h1 = en(h) 1y = haSy ' (h1), VheH.

Definition 1.2.9. Let H and H' be two Hopf algebras with antipodes Sy and Sy respectively.
An R-linear map f : H— H' is a morphism of Hopf algebras if f is a morphism of algebras, a
morphism of coalgebras such that:

Sgrof =foSH.

Theorem 1.2.10. (Dual of a Hopf algebra)
Let H=(H,mg,um,Ag,em,SH) be a finite dimensional Hopf algebra. Then its dual

H* =(H",mg+,un+, Mg+, eq+,SH*)
is a Hopf algebra with antipode Sp+ = Sy, given by:
Su+(f)=foSu, VfeH".

Definition 1.2.11. (H-invariant elements)
Let H be a Hopf algebra and let M be a left H-module. An element m of M is called H-invariant

i
h.m=eg(h)m, VheH.

The set of H-invariant elements of M is denoted by M. Therefore
M? ={meM,h.m=ep(h)m, VheH)
An R-module M is a trivial H-module if:
hm=eg(h)m, VmeM,heH.

Therefore M™ is a trivial left H-module. Moreover M¥ is a sub-R-module of M.
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1.3 Some elementary examples of Hopf algebra

Let k be a field.

Example 1.3.1. The algebra kG [1, Example 2.7]
Let G be a group. We consider the algebra KG of the group G on k, which is a k-vector space
with basis G. Then kG = (kG,m, u,A,€,S) is a Hopf algebra where:

* the product
m kG kG — kG; (x,y)— xy,

® the unit
u:k—-kaG; A— Alg,

the coproduct
A:kG — kG 9 kG; x—x®x,

* the counit
e:kG - G; x—1

* and the antipode
S kG — kG, x—x L.

Since A(x) = x®x, then KG is a cocommutative Hopf algebra. It is commutative if and only if G
is an abelian group. The set of group-like elements of kG is G.

Example 1.3.2. The algebra k¢
Let G be again a multiplicative finite group. Let us consider the k-algebra k€ of the maps G — k.
As a k-vector space, a basis of k€ is formed by 6 ¢ (g € G), with the Kronecker symbol

1 ifg'=g
bq(gh) =
¢ {0 ifg' #g.

We define the product m by
m(g®0y)=0g0.

Thus the product m is commutative and m(bg®064) =04 for g € G. the unit

,u:]k—»]kG sends I1to ) 6g.
geG

The coproduct A :k% — kC @ k® and the counit € : k% — k are defined by:

AGg)= Y 6488, and  e6g)=06g(1¢).
g'g"=g

This coproduct is cocommutative if and only if the group G is commutative. The antipode
S : k% — kG is given by
S(6,) = 6g_1 .

With these maps, k€ is a Hopf algebra.
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Remark 1.3.3. o We can identify kG @ k¢ with kF*G when we set:

0g®0g =0(ggn-

 The Hopf algebras kG and kG are dual of each other: a non-degenerate mating is given
by
kG xk% —k;  (g1,04,)— 6g,(g1).

The basis G of kG is dual to the basis (6g) . of kG,

Example 1.3.4. The algebra $A(g) [1, Example 2.8]

Let g be a Lie algebra with a law classically denoted by the bracket [.,.]. We denote by $U(g)
its universal enveloping algebra, which is the quotient T(g)/J of the tensorial algebra <(g) of g
by the two-sided ideal J generated by the elements of the form XY —-YX —[X,Y]. We define a
coproduct A, a counit € and an antipode S over $U(g) by the relations:

Ax)=x®1+1®x, e(x)=0 and Sx)=—-x

for x € g. Thus (g) is a cocommutative Hopf algebra. The set of primitive elements of $(g) is
nothing else g.

Example 1.3.5. The algebra R(G)

Let G be a compact topological group over C. We denote by R(G) the set of continuous maps f :
G — C such that, with t describing G, the translates f; : x — f(tx) generate a finite-dimensional
vector space. We define a coproduct A, a counit € and an antipode Sy over R(G) by the relations:

Af(x,y)=f(xy) e(f)=fQQ) and Sfx) = fx™h,
for all x,y € G. Therefore R(G) is a commutative Hopf algebra.

Example 1.3.6. The algebra k(G) [43, Example 2.1]
Let G be a finite group with identity e. Let us denote by k(G) the algebra of functions f :G — k
with the product

(fo)x)=fx)glx); VxeGand f,gek(G).

k(G) is a Hopf algebra called the group function Hopf algebra, its coproduct is
A k(G) - k(@)oo k(G) Zk(G x G); (Af)x,y) = f(xy)

its counit is
e:k(G)—k; e(f)="f(e)

and its antipode is

S:k(G)—k@); (S =FEDH.

Example 1.3.7. The algebra k[SLs] [43, Example 2.2]
The Hopf algebra K[SLo] is kla,b, c,d] modulo the relation

det(M) =1, where we set M = (a b) and Iy = (1 0)
c d 01
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The coproduct, counit and antipode are
A@)=a®a+b®c, Ab)=bed+a®b, Alc)=c®a+d®c, Ald)=d®d+c®b
ela)=¢e(d)=1, eb)=¢€(c)=0
S(a)=d, S(b) =c, S(c)=b, Sd)=a
AM)=MeM, eM)=I, and SM)=M7;

where matrix multiplication should be understood in this definition of A.

1.4 Modules

Definition 1.4.1. Let A be an R-algebra. An R-module M is a left A-module if there is an
R-linear map:

AM: AM—M
a®mr—am=am, VYacA meM

such that the following diagrams are commutative

idA®A id
AgAeM —AM _AeM KeM—2M  _AeMm
ma®idy Am ~ Ay
AsM M M
Am

that is, for the rectangle: (ab)m = a(bm) and for the triangle: 1ym =m, forall a,be A,me M.
The map Ay is called the left A-action on M. It is also denoted in this manuscrit by — .

We denote by 4.4 (or .4 4) the category of left (or right) A-modules. Its objects are the left
(or right) A-modules and homomorphisms are the left (or right) A-modules homomorphisms.

Definition 1.4.2. Let A un an algebra and M and N two left A-modules. An A-module hoho-
morphism f : M — N is an R-linear map which makes commutative the following diagram.:

M ! N
Ay AN
AeoM IT; A®N,

This means that foldy = Ano(ida ® f). In other words, for a € A and m € M, a map f is said to
be an A-modules homomorphism if

flam)=af(m).
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Definition 1.4.3. (Bimodule)

Let A and B be two R-algebras. An R-module M is said to be an (A-B)-bimodule and denoted
by aMgp, if M is a left A-module and a right B-module, and the two multiplications are related
by an associative law (or the compatibility):

(am)b =a(mb), VacA,beB,meM.

Example 1.4.4. 1. Every algebra A is an (A-A)-bimodule, the compatibility is just the as-
sociativity of multiplication in A. More generally, if B € A is a sub-algebra, then A is an
(A-B)-bimodule.

2. If A is commutative, then every left (or right) A-module is an (A-A)-bimodule.

Definition 1.4.5. (Finitely generated R-module)

A finitely generated R-module M is an R-module that has a finite generating set. A finitely
generated module over a ring R may also be called a finite R-module, finite over R, or an R-
module of finite type. That is, there exist

l
mi,mo,ms, -+ ,m; €M such that M = ZRmi.
i=1
Definition 1.4.6. (Free R-module)
A left R-module M is said to be left free R-module is isomorphic to a direct sum of copies of
R, that is, there is a (possibly infinite) index set B with M =@, _, Ry, where Ry = (b) =R for all
b € B. B is called the basis of M.

By the definition of direct sum, each m € M has a unique expression of the form

m= Z rpb
beB

where ry € R and almost all ry = 0. It follows that M = (B).

A free Z-module is called a free abelian group. Every ring R, when considered as a left
module over itself, is itself a free R-module.

Definition 1.4.7. (Projective R-module)

Let M and N be two left R-modules. A left R-module P is projective if and only if for every
surjective R-module homomorphism f : N — M and every R-module homomorphism g: P — M,
there exists an R-module homomorphism h : P — N such that g = f oh, that is, there exists a
map h : P — N making the following diagram commutative:

4P
N Lom

Theorem 1.4.8. (/52, Theorem 3.5])

i) Aleft R-module P is projective if and only if P is a direct summand of a free left R-module.
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i1) A finitely generated left R-module P is projective if and only if P is a direct summand of
R™ for some n.

Definition 1.4.9. (Faithfully projective R-module)

An R-module M is said to be faithful if for all distinct elements a,b of R, there exists x €
M such that ax # bx. In other words, the multiplications by a and by b define two different
endomorphisms of M.

A left R-module is faithfully projective if it is finitely generated projective and faithfull
as a left R-module.

1.5 Comodules

The notions of comodules and comodule morphisms are dual notions of modules and module
morphisms.

Definition 1.5.1. Let M be a left (right) A-module.We denote by o 4 (M) the category of left
(right) A-modules. Objects are left (right) A-modules and morphisms are morphisms of left
(right) A-modules.

Definition 1.5.2. Let C = (C,A¢,e¢) be a coalgebra. A left R-module M is a right C-comodule
if there exists a R-linear map @y : M — M ® C, which makes the following diagrams commu-
tative:

M M

M MeC M MeC
M idy®Ac - idy®ec
MseC - MeoCoC Me®R
pm®idc

The map @y is called the C-coaction or the coaction of C on M.

Let M = (M, @yr) be a right C-comodule. For m € M, we have the Sweedler’s notations:
(pM(m) = Zm(o) ®m) = Zmo®mi=mo®mi.
In the remainder of our work, we will use the notation

oum)=moe®my1, VmeM.

With Sweedler’s notation, the commutativity of the previous diagrams is equivalent to
mo®mi11®@mia=moo®mopo1®mi=mo®mi1®my

and
moec(mi)=m VmeM.
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Definition 1.5.3. Let C be a coalgebra and M a right C-comodule. A sub-R-module N of M is
a right sub-C-comodule of M if
pu(N)SNeC.

Definition 1.5.4. Let C be a coalgebra and let M and N be two right C-comodules. A R-linear
map [ : M — N is a morphism of C-comodules or a C-colinear map if the following diagram is

commutative.
M ! N
oM N
MeC Feide N&C,

that is: onof =(f ®idc)o@y. Then, for all me M,
(pnofYm)=[(f ®idc)opyulim)

f(m)o® f(m)1 = f(mo) ® mj.
The category which objects are right C-comodules and which morphisms are right C-colinear

maps is denoted .#€. Let M and N be two objects of .#C. Let Hom®(M,N) be the R-module
of C-colinear maps from M to N.

Remark 1.5.5. We can also define a left C-comodule M with the left coaction defined by:
pu(m)=m_18moeCoM.

The category which objects are left C-comodules and which morphisms are left C-colinear maps

is denoted C.M.

Definition 1.5.6. Let C be a coalgebra containing a grouplike element x. Let M be a right
C-comodule. An element m € M is said to be (C,x)-coinvariant if

opu(m)=mex.
The set of (C,x)-coinvariant elements of M is denoted M coCx - that is,
M°C* = (m € M;pu(m) =m®x).
Me°C* s g sub-R-module of M called a submodule of the coinvariants of M.

Definition 1.5.7. Let H be a Hopf algebra and let M be a right H-comodule. An element m of
M is said to be H-coinvariant if
eu(m)=me1g.

We set
MeH — (1, eEM;py(m)=m® lg}

the set of H-coinvariant elements of M. It is also a sub-R-module of M.

An R-module M is a trivial H-comodule if M is an H-comodule and all its elements are
H-coinvariant.
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Theorem 1.5.8. Let C be a coalgebra and M be a right C-comodule. Then M is a left C*-module
with the action defined by:

fm=f(mi)mg, VfeC*' meM.

Definition 1.5.9. (Hopf H-modules)
Let H be a Hopf algebra. An R-module M is a right Hopf H-module if it is simultaneously:

e a right H-module,

e a right H-comodule,

such that:
(mh)() ®(mh)1 = m0h1 ®m1h2, VYme M,h eH.

We denote by %II_}I the category of right Hopf H-modules. The objects are the right Hopf H-
modules and the morphisms are the morphisms of Hopf H-modules; that is, morphisms which
are simultaneously morphisms of right H-modules and morphisms of right H-comodules. Anal-
ogously, we define:

o g MY the category of left right Hopf H-modules,
o H 4" the category of right Hopf H-modules,
. g./% the category of left Hopf H-modules.

Lemma 1.5.10. Let H be a Hopf algebra.

1) H is a Hopf H-module with the action defined by the multiplication and the coaction by
the coproduct.

2) Let M be a Hopf H-module. Then M°" ® H is a right Hopf H-module with the action:
(meoh)h'=me((hh'), meM, hh'ecH

and the coaction:

(pMcoH®H(m ®h)=moehi1®hs.

Theorem 1.5.11. (Fundamental theorem of Hopf H-modules)
Let R be a field and H a Hopf algebra with antipode Sg;. Let M be a right Hopf H-module; the
map
y:MPgH —~M, meh— mh
is an isomorphism of right Hopf H-modules.

Definition 1.5.12. (H-comodule algebras)
Let H be a Hopf algebra and A an R-algebra. We say that A is a right H—comodule algebra if
A is a right H-comodule such that:

(ab)y®(ab)1 =apbo®aiby and @a(ly)=1,01p.
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Definition 1.5.13. (relative Hopf modules)
Let H be a Hopf algebra and A be a right H-comodule algebra. An R-module M is a relative
right Hopf (A,H)-module, if M is:

e a right A-module,
e a right H-comodule, such that:
(ma)o®(ma); =moag®miaj.
We denote by .« f the category of relative right Hopf (A, H)-modules. The objects are the
relative right Hopf (A, H)-modules and the morphisms are the morphisms between relative
right Hopf (A, H)-modules, that is, the maps which are simultaneously right A-linear and

right H-colinear.
Analogously, we define:

e A" the category relative left right Hopf (A, H)-modules
e H_ g1, the category relative right left Hopf (A, H)-modules

. X A the category relative left Hopf (A, H)-modules

Definition 1.5.14. Let M and N be two relative right Hopf (A, H)-modules. We denote H omg (M,N),
the R-module of R-homomorphisms f : M — N which are simultaneously A-linear and H-
colinear maps; in other words,

Homfl(M,N)={f e Homa(M,N)n Hom™(M,NYM,N e .«!1}.

Remark 1.5.15. Let M be a right R-module. The R-module Endg(M) equipped with the usual
addition, the multiplication by a scalar and composition of maps is an algebra.

1.6 Monoidal, braided monoidal, and symmetric monoidal
categories

In this part, our goal is not to develop the theory of categories but just to state some notions
and useful results for the rest of this document. So for all generalities on category theory, see
[64], [22, p. 361], [9], [52], [2], [7], ---

Definition 1.6.1. (cf.[52, Sect. 1.2])
A category € consists of three ingredients: a class Obj(€) of objects, a set of morphisms
Hom(M,N) for every ordered pair (M,N) of objects, and composition

Hom(M,N)xHom(N,P)— Hom(M,P),

denoted by
(f,8)—gef,

for every ordered triple M,N,P of objects. These ingredients are subject to the following axioms:
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1. the Hom sets are pairwise disjoint; that is, each f € Hom(M,N) has a unique domain
M and a unique target N;

2. for each object M, there is an identity morphism 1y € Hom(M,M) such that foly =f
and Iyof=fforall f:M — N,

3. composition is associative: given morphisms M £ NE&p Q, then
ho(gof):(hog)of,

Definition 1.6.2. (subcategory, cf.[52, Sect. 1.2])
A category 9 is a subcategory of a category 6 if:

1. 0bj(2)<0bj(€),

2. Homg(M,N)<S Hom¢(M,N) for all M,N € Obj(D), where we denote Hom sets in 9
by Homg(—,-),

3. iffeHomg(M,N)and g € Homg(N,P), then the composite gof € Homg(M,P) is equal
to the composite gof € Hom«(M,P),

4. if M € Obj(D), then the identity 1) € Homg (M, M) is equal to the identity 131 € Home (M, M).

A subcategory 9 of € is a full subcategory if, for all M,N € Obj(D), we have Homg(M,N) =
Homg(M,N).

Definition 1.6.3. (Dual category) A category €' is said to be a dual category of the category
%6 if:

1. Obj(€)=O0bj(€"),
2. Homg(M,N)=Hom(N,M).

Definition 1.6.4. (Covariant functor)
Let 6 and 2 be two categories. The functor & : 6 — D is a function such that:

if M € Obj(€), then F(M) € Ob j(D),

iff :M—M'in€,then ZF(f):FM')— FM) in D (note the reversal of arrows),

if MLy iné then FMNZE 202020 and

F(gof)=F(f)oF(g),
* F(Am)=1,,, forevery MeObj(€).

The functor & defined above is called covariant functor.
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Definition 1.6.5. (contravariant functor)

Let €’ (respectively ') be the dual category to the category € (respectively 9). A covariant
functor from the dual category €' to D (or D' to €) called a contravariant functor from € to
2.

Remark 1.6.6. o If F:¥—2 isa covariant functor, then for any object M,N € €, we
have a map

Hom (M ,N)— Hom, (%(M),%(N)) givenby f+— F(f).

e If this map is injective (surjective, bijective), then the functor & is called faithful

(full, full and faithful).

Definition 1.6.7. (Functorial morphisms or natural transformations)
Let %,49:€ — 2 be two functors. A functorial morphism ¢: F — 4 is a family
{p(M) / M € €} of morphisms, such that

O¢WM): F(M)— 4M) VM€
and for any morphism f:M — N in €6 , we have that

HIN) o F(f) =4(f) o p(M).

If moreover ¢(M) is an isomorphism for any M € €, then ¢ is called a functorial isomor-
phism. If there exists such a functorial isomorphism we write & = 4.

Definition 1.6.8. (Adjoint pair)
Let #,4.:¢—2 and %:2— € betwo covariant functors. The ordered pair (¥,9)
is an adjoint pair if, for each M € Obj(€¢) and N € Obj(D), there are bijections

¢:Hom,,(F(M),N) — Hom.(M,4(N)),

that are natural transformations in 6 and in 9.

Definition 1.6.9. (Equivalence of categories)

Let € and 2 be two categories. A covariant functor & : € — 2 is called an equivalence of
categories if there exists a covariant functor 4 : 9 — € such that o094 = 1g and GoF = 1,
where 1¢ : € — 6 is the identity functor and it is defined by 1¢«(M) = M for any object M and
1¢(f) = f for any morphism f. If moreover &% o4 = 1g and 4o % = 1, then & is called an
isomorphism of categories, and 6 and 9 are called isomorphic categories.

Theorem 1.6.10. (/22, Theorem A.2.1])
If & : € — 2 is a covariant functor, then & is an equivalence of categories if and only if the
following conditions are satisfied.

1. % is a full and faithful functor.
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2. For any object N € 9D there exists an object M € € such that N = % (M).

A contravariant functor & : € — 2 such that & is an equivalence between %’ (the dual of
%) and 2 (or € and 2’ (the dual of 2) ) is called duality.

Definition 1.6.11. (Monoidal category)
A monoidal category (or tensor category) € =(€¢,9,1,a,l,r) consists of:

e a category €6,

e a functor called the tensor product ® : € x € — € such that (M,N)— M ® N and (f,g) —
f ® g for all objects M,N € 6 and morphisms f,g €€,

e an object called the identity object I € €,

e natural isomorphisms called,
the associator:
a :(MeN)®P -Me(N®P)

M,N,P

the left unit law:
Ily:IeM—-M

and the right unit law:
ru-Mel—-M

such that the following diagrams commute for all objects M,N,P,Q € €, we have:

o the pentagon diagram:

a id
(M®N)®P)®Q wpPHeq (M®(N®P))®QM>M®((N®P)®Q)
X \eN,P.Q j jidM ®Npo
(M®N)® (P ®Q) _ Me(N &P oQ))
M,N,PsQ

o the triangle diagram:

a

MeIl)oN MIN Me(I®N)
m %
MeoN

Definition 1.6.12. (Monoidal functor)
Let 6 =(6,9,1,a¢,le,r¢)and 2 =(92,9,J,a9,ly,rg) be two monoidal categories. A monoidal
functor between € and D is the triplet (¥ ,@q,p2) such that & : € — D is a functor and

@o:d — F(U), 02 F(-)F(-) — F(—9-)
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are functorial isomorphisms such that, for all objects M,N,P € €, the following diagrams are

commutative:
(F(M)® F(N))® F(P) e F (M) (F(N)® F(P))
p2(M,N)®id gp) idgan®p2(N,P)
F(MeN)e F(P) F(M)e F(N&P)
@2(MeN,P) @2(M,N®P)
F(MeN)&P) = F(M ®(N ®P))
F(M) o J — 70N zye F(T)
T F (M) | | p2(M,I)
F(M) = FMeI)
J & F(M) — 7Y g1ye FM)
Lo \ $2(I,M)
F(M) = F(I & M)

Definition 1.6.13. (braided monoidal category)
A braided monoidal category consists of:

e a monoidal category €,
e a natural isomorphism called the braiding:
Yun MON —NeoM

such that these two diagrams commute, called the hexagon diagrams:

Me(NoP) (NeP)o M
a a
(MoN)®P NeoPeM)
NoeM)®P Ne®(MeP)
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MeoN)®P Pe®(M®N)

Me(N®P) (PeM)®N

idy®y y®idn

Mo (P e®N) MeoP)®N

a1

Definition 1.6.14. (braided monoidal functor)
Let € and 92 be two braided monoidal categories. A functor & : 6 — 9D is braided monoidal if
it is monoidal and it makes the following diagram commutative for all objects N and M

Y
F(M)® F(N) —2L7N___ (N)o F (M)
@2(M,N) @2(N,M)
FMeN) F(INeM)
TOy N

Definition 1.6.15. (symmetric monoidal category)
A symmetric monoidal category is a braided monoidal category € for which the braiding satis-

fies
— 1.
Yun =Vyus

for all objects M and N of 6.

A monoidal, braided monoidal, or symmetric monoidal category is called strict if a,l,r are
all identity morphisms.
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Abstract

In this article, we define the notion of Brauer-Clifford group for the category of dyslectic
(S,H)-dimodules, where H is a commutative and cocommutative Hopf algebra and S is an H-
commutative dimodule algebra. This Brauer group turns out to be an example of the Brauer
group of a braided monoidal category. We also show that this Brauer group is anti-isomorphic
to the Brauer group of the category of dyslectic Hopf Yetter-Drinfel’d (S°P, H)-modules.

Introduction

The classical notion of Brauer group was introduced by Richard Brauer in his study of arith-
metic field theory before being generalized by Azumaya in [8] and Auslander-Goldman in [6]
respectively in the case of the Brauer group of a local base ring and the Brauer group of a
general commutative base ring. This notion is later extended by Auslander in [5] to the case
of a topological space endowed with its structural sheaf of rings of continuous complex valued
functions. Grothendieck showed in [26] that the set of isomorphic classes of Azumaya algebras
with constant rank n? over a topological space, is identified with the set of isomorphic classes
of GP(n)-principal bundles with base this space.

The isomorphic classes of Azumaya algebras over a commutative ring R form a set which in
turn is a group B(R) (with multiplication given by the tensor product over R) known in the
literature as the Brauer group of R. For symmetric monoidal categories, Brauer groups were
defined by Pareigis [47] and more generally for the braided monoidal categories by Van Oys-
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taeyen and Zhang [59]. Studies have also been developed in this same context by [24], [60],
[23]. Recently, in [4], Ardizzoni and El Kaoutit give a characterization of the automorphism
group of an Azumaya comodule algebra over a commutative flat Hopf algebroid.

A braided monoidal category is a category ¥ with a tensor product ® that has a unit object
R and has a family of isomorphisms y,, , : M ® N — N ® M, one for each pair of objects in €,
satisfying natural coherence conditions. If y , oy, \ = id,,, always holds, then the braided
monoidal category is said to be symmetric. If € is a braided monoidal category, we know from
[59] that we can define a Brauer group in 6.

Brauer-Clifford groups are equivariant Brauer groups for which a Hopf algebra acts or co-
acts non-trivially on a certain commutative base ring.

In [40], Long introduced a Brauer group BD(R,H) of H-dimodule algebras (that is, algebras
with an H-action and an H-coaction satisfying some compatibility conditions), where R is a
commutative ring and H is a commutative and cocommutative Hopf algebra over R. This
Brauer group is called Long’s Brauer group. The category 2 of H-dimodules is a braided
monoidal category: the braiding y is defined by

Yun - MORN —N®rM; men— mine®my.

In [17], Caenepeel, Van Oystaeyen, and Zhang generalized Long’s construction to Yetter-
Drinfel’d’s modules also called quantum Yang-Baxter modules and to Yetter-Drinfel’d module
algebras, where H is a Hopf algebra with a bijective antipode. The category 2 of Yetter-
Drinfel’d modules is a braided monoidal category: the braiding y is defined by

Yuny - MO N —N@rM;m®n—no®nim.

They defined the Brauer group BQ(R,H) of Hopf Yetter-Drinfel’ld H-modules Azumaya alge-
bras. In the same paper, the authors introduced (Proposition: 2.1) the category 2 of Hopf
Yetter-Drinfel’d (S, H)-modules, where S is H-commutative with respect to the braiding of 2.
They showed that 2 is a monoidal category.

In [32], Guédénon and Herman considered the abelian full subcategory Dys-g2 of dyslec-
tic Hopf Yetter-Drinfel’d (S, H)-modules adapting a conditon of [50]. The authors showed that
Dys-s 2" is a braided monoidal category: the braiding is the extension of the braiding of 2 to
Dys-s 2 and they defined a Brauer group BQ(S, H) of Azumaya algebras in Dys-g 2 called
the Brauer-Clifford-Long group of dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya alge-
bras. When H is commutative and cocommutative, we get from [32] the Brauer-Clifford-Long
group of dyslectic (S, H)-dimodule Azumaya algebras.

In the present paper, we introduce the notion of (dyslectic) (S, H)-dimodules, where H is
commutative and cocommutative and S is H-commutative with respect to the braiding of 2.
We denote by 2 the category of (S, H)-dimodules and by D ys-s@* its subcategory of dyslec-
tic (S, H)-dimodules. We show that Dys-s@ is a braided monoidal category: the braiding is
induced by the braiding of 2" . We define algebras and Azumaya algebras in D ys-s2H . From
that, we define the Brauer group BD(S,H) of Azumaya algebras in Dys-s?% which we call
the Brauer-Clifford-Long group of dyslectic (S, H)-dimodules Azumaya algebras. Our result is
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a direct generalization of Long’s Brauer group. In particular, we get a generalization of the
Brauer-Clifford group B(S,H) of (S, H)-Azuamaya algebras, when H is cocommutative and S

is commutative, and a generalization of the Brauer-Clifford group B¢°(S,H) of Hopf (S,H)-
Azumaya algebras studied in [31], when H is commutative and S commutative.

We also establish an anti-isomorphism of groups between our Brauer-Clifford-Long group BD(S, H)
and the Brauer-Clifford-Long group BQ(S°P,H) of algebras in the category of Hopf Yetter-
Drinfeld (S°?,H)-modules studied in [32], where S°P is the opposite algebra of S. This last
result is a generalization of the well-known result which asserts that the Brauer group of
Long dimodules and the Brauer group of Yetter-Drinfeld modules are anti-isomorphic if H is
commutative and cocommutative.

The paper is organized as follows. In Section 1, we review some results of Hopf algebras
and some preliminary results concerning dimodules and braided monoidal categories.

In Section 2, we introduce the notion of (S, H)-dimodules, where S is an H-dimodule alge-
bra and we define the category s2F of (S, H)-dimodules with (S, H)-dimodule homomorphisms.

In Section 3, we introduce the concept of dyslectic (S, H)-dimodules and we define the cat-
egory Dys-s2H of dyslectic (S, H)-dimodules in order to obtain a braided monoidal category.
The monoidal structure is given by relative tensor products over S. Note that the category
Dys-s@* is an abelian full subcategory of 2.

In Sections 4 and 5, we introduce the concepts of dyslectic (S,H)-dimodule algebras and
dyslectic (S, H)-dimodule Azumaya algebras in the category Dys-s@, and we give all the
required ingredients to define the Brauer-Clifford-Long group BD(S,H).

In Section 6, we give some elementary homomorphisms between Brauer- Clifford-Long
groups that are induced by scalar extensions and central twists.

Finally, in Section 7, we establish an anti-isomorphism of groups between the Brauer-
Clifford-Long group BD(S,H) of algebras in the category of dyslectic (S,H)-dimodules and
the Brauer-Clifford-Long group BQ(S°P, H) of algebras in the category of dyslectic Hopf-Yetter-
Drinfeld (S°?, H)-modules, where S°P is the opposite algebra of S.

For more details on Hopf algebras and Brauer groups, we refer to the literature, see for
example [1], [14], [44], [56]. Throughout the paper, R stands for a commutative ring with unit,
and H is a Hopf algebra over R. Any algebras, modules and unadorned tensor products are
always over R

2.1 Preliminaries and Notations

Let H be a Hopf R-algebra. We denote its comultiplication by A : H — H ® H, its antipode by
Sy : H — H and its counit by € : H — R. We will use Sweedler-Heyneman notation, omitting
sums, so we write A(h)=h1®ho.

A Hopf algebra H is said to be cocommutative if h1 ® hg = ho® h1, for all h € H. We will
require a sequence of definitions, all of which are standard. An R-algebra A is an H-module
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algebra if A is a left H-module such that
h.(ab)=(hi.a)hg.b) and h.14 =e(h)ly, foralla,be A,he H. (2.1.1)

H acts trivially on A when h.a = e(h)a for all h € H and a € A. A homomorphism of H-module
algebras is a homomorphism of H-modules which is also a homomorphism of R-algebras. If
A is an H-module algebra, then the smash product algebra A#H is the R-module A ® H with
multiplication

(@®h)a' ®h')y=a(hi.a")®hoh', for all a,a’ € A and h,h' € H. (2.1.2)

An R-module M is a left A#H-module if it is a left A-module (a ® m — a — m, where — denotes
the left A-action on M) and a left H-module for which

hla —m)=(h1.a)— (hom), forall he H,a€ A and me M. (2.1.3)

If A is an H-module algebra and S is a sub-H-module algebra of A, then the algebras A and
S are left S#H-modules. We will write gzp.# for the category of left A#H-modules. It was
observed in [31, Theorem 2.2] that if H is cocommutative and A is a commutative H-module
algebra, then (o#z7.#,®4,A) is a symmetric monoidal category.

If H is a Hopf algebra over R, an R-module M is a right H-comodule if there exists an R-
linear map p,, : M — M ® H satisfying (p,, ® idg)op,, = (idy ® A)op,, and (idy ® €)op,, =
idy. In Sweedler notation, we write p,,(m) = mo®m for all m € M, and the right H-comodule
conditions on M are

mo®mo1®mi=mo®mi1®mig and moe(mq1) =m, for all me M. (2.1.4)

H coacts trivially on M when mo®mi1 =mo® 1y, forall m € M. Let M and N be right H-
comodules. A homomorphism of right H-comodules (aka. a right H-colinear map) is an R-
linear map f : M — N such that py of =(f ®idg)op,,. In Sweedler notation, this is equivalent
to

f(m)y® f(m); = f(mg)®mq, for all me M. (2.1.5)

If M and N are right H-comodules, then M ® N is a right H-comodule under the codiagonal
coaction:
(men)y®(men);=mog®no®miniy, meMneN. (2.1.6)

An R-algebra A is an H-comodule algebra if A is a right H-comodule and the multiplication in
A satisfies
(ab)o®(ab); =apbo®ai1b; and pa(lg) =1 ® 1y, foralla,b e A. (2.1.7)

A homomorphism of H-comodule algebras is a homomorphism of H-comodules which is also a
homomorphism of R-algebras.

Let A be a right H-comodule algebra. An R-module M is an (A, H)-Hopf module if M is both a
left A-module and a right H-comodule, with the property

(a—m)®@a—m);=(ag—mgo)®aimi, forallae A,me M. (2.1.8)
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A homomorphism of (A, H)-Hopf modules is a left A-linear map which is also a right H-colinear
map. We will write 4.« for the category of (A, H)-Hopf modules. This category is dual to
Asp A, and when H is commutative and A is a commutative H-comodule algebra, (4 47, ®4,A)
is a symmetric monoidal category.

Let H be commutative and cocommutative. An H-dimodule is an R-module M which is a
left H-module and a right H-comodule with H-structures maps Ayy :H®M — M and p,, : M —
M ® H such that p,, oAy =(Ay ®idpy)o(idy ® p,,), that is:

(hm)o®(hm)1=hmo®my, VYheH,meM. (2.1.9)

If M and N are H-dimodules, an R-linear map f : M — N is said to be an H-dimodule homo-
morphism if it is simultaneously an H-module homomorphism and an H-comodule homomor-
phism.

An H-dimodule algebra is an R-algebra which is an H-dimodule so that it is an H-module
algebra and an H-comodule algebra satisfying the relation (2.1.9).

An H-dimodule algebra homomorphism between two H-dimodule algebras A and B is an
R-linear map A — B which is simultaneously an H-dimodule homomorphism and an R-algebra
homomorphism.

We denote the category of H-dimodules by 2. For H-dimodules M and N, the tensor product
M ® N has an H-module structure given by

himen)=(him)®(hgn), VYmeM,neN, (2.1.10)
and an H-comodule structure given by
(me®n)y®(mo®n);=mog®ng®miniy, VmeM,neN. (2.1.11)

These H-structures satisfy the compatibility condition (2.1.9) and make of M® N an H-dimodule,
denoted by M®N.

Since H is commutative and cocommutative, for H-dimodules M and N, there exists an H-
dimodule isomorphism y,, , from M&®N to N®M defined by (see [59])

)/M,N(mén):ml.némo, VmeM,neN, (2.1.12)

with inverse
Yy (n&m)=mo&Sy(mn, VmeM,neN. (2.1.13)

According to [59, Example 3.11], (27 ’®R’YM,N’R ) is a braided monoidal category. Note that
an H-dimodule algebra is just an algebra in the braided monoidal category 2. Recall that
a monoidal category (¥, ®,R) is braided if there are natural isomorphisms Tun: MN=N®
M in €6, for all M,N € €6, such that the following hexagonal coherence conditions are satisfied
(see [42, p. 180])

Yuenp = ()/M’P ®1)o(1 ®7’N,p) and Yuner = a ®yM’P)0(yM’N ®1), forall M,N,Pe%.

Let’s give two examples of H-dimodules.
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Example 2.1.1. H is a group algebra RG.

Let G be a multiplicative finite abelian group with unit element e. The group algebra RG
is a commutative and cocommutative Hopf algebra. A G-graded R-module M is an R-module
M with a fixed decomposition M = @, M, where each M, is an R-submodule of M. M,
is the set of the homogeneous elements of degree g. Every element of M is a finite sum of
homogeneous elements. It is well known that an R-module is a G-graded R-module if and only
if it is an RG-comodule. According to [15], a G-dimodule is a left G-module which is also a
G-graded R-module and the G-action is compatible with the gradation, that is, ¢’.M, = M,
for all 0,0’ €G.

We denote by 2C the category of G-dimodules: its morphisms are the graded R-linear
maps of degree e which are G-linear. It is well known that the categories 2% and 2%C are
isomorphic.

Let’s consider the particular case G = {e,d}, the cyclic group of order 2 (see [45]).
Let M be an RG-dimodule. The coaction of RG on M is

pM(m) =mp)®e+mq)®0, where mo), M) € M.

We have: m =m)+m), VYm e M. The dimodule condition is

plom)=(omq)®e+(ocma)) ®0,
that is: (om)g) = om(g) and (om)q) = om().

If we consider M as a G-dimodule M = M, + M, every element of M is a sum of an element
of degree e and an element of degree o. It follows that m ) and m 1) are homogeneous elements
of degree e and o, respectively.

Example 2.1.2.

Let G and G’ be two abelian finite groups and k a field. Set H = Maps(GG',k) the set of
all maps from the disjoint union GG’ of G and G’ to k. Then H = K x L, where K = Maps(G,k)
and L = Maps(G',k). We claim that K and L are commutative and cocommutative Hopf alge-
bras over k and that H = K xL is a commutative and cocommutative Hopf algebra over R = kxk
(with component-wise operations). Therefore we can define the categories 2K, 2L and 2H.

Let M be a vector space over k. So M can be seen as a left R-module via the first projection

R —k;A,A)— A.

Suppose that M is a left K-module via

(k®m)—km
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for £ € K and m € M, then M is a left H-module via
((k,l)®r m)— km,
for (k,1) e H, m € M. In the same way, if M is a right K-comodule via
pr(m)=mo®xmi,
then M is a right H-comodule via
pH(m)=m[o®g m1] = mo®g (m1,0)
From this, every K-dimodule M can be viewed as an H-dimodule: the H-dimodule condition is

[(&,Dm]io1©r [(k,DDm]1; = (R, )m[g]] ®r m[1}, V(k,])e H,me M.

2.2 The category of (S,H)-dimodules

Let S be an H-dimodule algebra. An (S, H)-dimodule M is a left S-module and an H-dimodule
satisfying the compatibility conditions (2.1.3) and (2.1.8), equivalently, M is a left S#H-module
and an (S, H)-Hopf module for which relation (2.1.9) is satisfied. An (R,H)-dimodule is just
an H-dimodule. Furthermore, note that if S is an H-dimodule algebra, then S is an (S, H)-
dimodule: the left action of S is given by s — s’ =ss/, for all s,s’ € S.

An (S,H)-dimodule homomorphism is an H-dimodule map which is also left S-linear. We de-
note by g2 the category consisting of (S, H)-dimodules and (S, H)-dimodule homomorphisms,
that is, the left S#H-linear right H-colinear maps.

If M and N are (S,H)-dimodules, we denote by sz H omf(M,N) the R-module of left S#H-
linear right H-colinear maps from M to N.

Let S be an H-module algebra. We say that S is H-commutative if

ss’' =(s1.s")sg, for all s,s' € S. (2.2.1)

If S is an H-commutative H-dimodule algebra, then for every left S-action on M € g2 there
is a corresponding right S-action defined by

m-—s=(m1.8) —myg, forallse S,meM. (2.2.2)

This allows us to view M as an S-S-bimodule. Note that the left S-action and the right S-action
are also related by

s—=m=mo—(Sg(mi).s), forallse S,me M. (2.2.3)
Note also that we have
h(m —s)=(him) — (hg.s) (2.2.4)
and
(m—3s8)®(m—s)1=(mg—sg)®m1sy, forallhe HmeM,seS. (2.2.5)
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Let S be an H-commutative H-dimodule algebra. Then for M and N in 2, we can endow
the tensor product M ®g N with the following S-action and H-structures:

s —(m&n)=(s —m)®n, (2.2.6)
h(m®&n)=hi1m®hon 2.2.7)

and
(m®&n)y®(meon) =mo®no®miniy, (2.2.8)

forallhe H,se S,me M, and n € N, where m®&n =m ®gn.
Note that we have

(m&n) —s=m&n —s), forallmeM,ne N,seS. (2.2.9)

In the remainder of this section, H is a commutative and cocommutative Hopf algebra and
S is an H-commutative H-dimodule algebra.

Lemma 2.2.1. With these structures described above, M ®g N is an (S,H)-dimodule which is
denoted M&gN.

Proof. For all m,m' e M, n,n'€ N and s €S we have:

(m —s)®n =({(m1.8) — mgy)®n
=(m1.s) = (mo&n)
=(mo®n)y — [Sa((mo&n)1)(m1.s)]
=(mogo®ng) — [Sg(moini)imi.s)l
=(moo®no) — [Sa(n1)SH(Mmo1)(m1.s)]
=(mo®ng) — [(Sg(n1)SH(m11)m12).5]
=(mo&®&ng) —[Sa(n1)e(m1).s]
=(moe(m1)®ng) — [Sp(n1).sl
=m®&ng — (Sua(ni).s))
=m®(s — n).

Forallhe HmeM,ne N and s €S, we have

h((m — s)®n) =(h1(m —s))&(hzan)
=((h1m) — (hg.s))®(h3n)
=(h1m)&((hg.s) — (h3n))
=(h1m)&(ha(s — n))
=h(m&(s —n))

and

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



CHAPTER 2. A BRAUER-CLIFFORD-LONG GROUP FOR THE CATEGORY OF DYSLECTIC (S,H)-DIMODULE ALGEBRAS 32

p((m —s)®n) =((m —s)®n)y®(m — s)®&n);
=((m = s)o®ng)®((m — s)1n1)
=((mo — s0)®ng)®((m1s1)n1)
=(mo&(sg — ng)®(mi(sini))
=(mo&(s —n)g)®(mi(s —n)1)
=(m&(s —n))y®(mMm&(s —n))
= p(m®&(s — n)).

So the S-action, the left H-action and the right co-action are well defined.
M®&gN is a left S-module, for all s,s' € S,m € M and n € N, we have:

(ss) = (m&n) =(ss')—m)én
=(s—(s'—=m))é&n
=s—((s'"—=m)&n)
=s—(s' = (m&n)).

It is easy to see that M®gN is a left H-module and a right H-comodule. We will prove that
the equation (2.1.9) is satisfied. We have forall he Home M,and ne N :

[h(m@n)]o@[h(m@n)]l = (h1m®h2n)o®(h1m®h2n)1
=((h1m)o®(han)y) ® (h1m)1(han)1)
=(h1mo®hong)®(miny)
=h(mo&ngo)®(miny)
=h(m&n)y®(men);.

The condition (2.1.9) is sitstified. Therefore M&gN is an H-dimodule.
Forallhe H,se S,me M and n € N, we have

hls — (m®n)] =h[(s—m)dn]
=(h1.(s = m))&ho.n)
=((h1.s) = (ho.m))&(h3.n)
=(h1.5) = [(ho.m)&(h3.n)]
=(h1.5) = [(ho1.m)®(h22.n)]
=(h1.5) = (h2.(m®n)),

[s =~ (m&n)]p®[s —(m&n)l1 =I[(s —m)®nlp®[(s —m)d&nl;
=[(s = m)o®nol® (s = m)1n1
=[(so =~ mo)®nol®(s1m1)ny
=[sg = (mo®ny)l®si(miny)
=[sg = (m&n)yl®si(men);.

So the relations (2.1.3) and (2.1.8) are sitisfied. Then M®gN is an (S, H)-dimodule.
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O

It is easy to see that for M,N,P € 32", the natural map (M&gN)&gP — M&g(N&gP) is
an (S, H)-dimodules isomorphism, and S is a unit with respect to ®g. Therefore (s2",&g,8)
is a monoidal category.

In the remainder of the paper, if M and N are (S, H)-dimodules, we denote by Homg(M,N)
the R-module of right S-linear maps from M to N considered as right S-modules and sHom(M,N)
the R-module of left S-linear maps from M to N considered as left S-modules.

Lemma 2.2.2. Let M and N be (S,H)-dimodules. Then the following hold:

(i) Homg(M,N) is a left S#H-module, where the action of S is defined by
(s—=f)m)=s—f(m), forall seS,f e Homg(M,N),me M, (2.2.10)
and the action of H is defined by

(hf)m) = half(Sz(he)m)l, for all f € Homs(M,N),h € H,m € M. (2.2.11)

(it) If M is finitely generated projective as a right S-module, then Homg(M,N) is an (S,H)-
dimodule, where the coaction of H is defined by

fom)® f1=f(mo)o ® f(mo)1Su(m1), for all f e Homg(M,N),m e M. (2.2.12)
Proof.

(1) It is clear that the left S-action is well defined and Homg(M,N) is a left S-module. Let
heHmeM,seS,and f e Homg(M,N), we have:

(hf)Xim —s) =hilf(Su(he)im — )]
=h1lf(Sg(h2)1m) — (SH(h2)2.5))]
=h1lf(Su(ho2)m) — (SHa(h21).5))]
=h1l(f(Sg(h3)m)) — (S (h2).s)]
=[h11(f(Sa(h3)m))] — [h12(SH(h2).5)]
=[h1(f(SHa(h3a)m))] — [(h21SH(h22)).5]
=((hf)m)) —s

So (hf) e Homg(M,N), that is, the left H-action is well defined. It is easy to see that
Homg(M,N) is a left H-module. Let f be an element of Homg(M,N). For all he H,m €
M, and s € S, we have:
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[A(s = )I(m) =hil(s = ) SH(h2)m)]
=hils = (f(Sga(hg)m)]
=(h1.5) = [ha1(f(Sg(ho2)m)]
=[(h1.8) = (h2f)I(m).

So the relation (2.1.3) is satisfied. Therefore Homg(M,N) is a left S#H-module.

(ii) Let us consider the map

p:Homg(M,N)— Homg(M,N ® H)

defined by

o(f)m)=f(mog)o® f(mg)1Sg(m1), for all f e Homg(M,N),me M.

Since M is finitely generated projective as a right S-module,
Homg(M,N®H)=Homg(M,N)®H.

We put p(f) = fo ® f1 if and only if
folm)® f1=f(mo)o ® f(mo)1SH(m1).

So Homg(M,N) becomes a right H-comodule. Let f € Homg(M,N),m € M and s€ S, we
have:

(s—=fom)e(s—f)1 =(s—f)Nmolo&(s— f)mo)1Su(mi)
=(s—=f(mo)o®(s — f(mo)1Sa(m1)
=(so — f(mo)o)®s1f(mo)1Su(m1)
=(sg — fo(m))®s1f1
=(so — fo)im)®s1f1;

so the condition (2.1.8) is satisfied.

Forallhe Home M,and f € Homg(M,N), we have:

(hflom)®(hf)1 =Uhf)molo®[(hf)mo)]1Su(m1)
=[h1(f(Sg(h2)mo)lo ® [A1(f(Sa(h2)mo)]1SH(m1)
=h1(f(Su(h2)m))o ® (f(SH(h2)mo))1SH(m1)
=h1(f([Sa(h2)mlo)o) @ (f([SH(h2)mlo))SH(SH(A2)m)]1)
=h1(fo([Sa(he)mD) ® f1
=(hfo)m)® f1,
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hence the condition (2.1.9) is satisfied. Therefore Homg(M,N) is an (S, H)-dimodule.
O

Since S is not necessarily commutative, we need to consider the left and right S-module
homomorphisms separately.

Lemma 2.2.3. Let M and N be (S,H)-dimodules.

(i) Then sHom(M,N) is a left S#H-module, where the action of S is defined by
(s—=f)m)=f(m —s), forall seS,f e sHom(M,N),me M, (2.2.13)
and the coaction of H is defined by

(hf)(m) = half (S (ho)m)], for all f € sHom(M,N),h € H,m € M. (2.2.14)

(it) If M is finitely generated projective as a left S-module, then sHom(M,N) is an (S,H)-
dimodule, where the coaction of H is defined by

fom)® f1=f(mo)o ® f(mo)1Su(m1), for all f € sHom(M,N),m e M. (2.2.15)
Proof.

(i) Let fe sHom(M,N),he H,s€ S and n € N. We have

(hf)s—m) =hilf(Sg(h2)(s—m))]
=hilf(Su(h2)1.s — SH(hg)em)]
=h1lf(Sg(hgg).s — Sg(ha1)m)]
= h1lSH(ha2).s — f(SH(ha1)m))]
=h1[Su(h3).s = f(SH(hg)m))]
=h1lSu(h2).s — f(Sa(h3)m))]
=[h11.(Sa(h2).8)] = [h12.(f (SH(R3)M)))]
=[(h11SH(h2)).s1 = [A12.(f(SH(h3)m))]
=[(h1SH(h3)).s]1 — [ha.(f(SH(ha)m))]
= [(h1SH(h2)).s]1 — [h3.(f (SH(ha)m))]
=[e(h1)s] — [hao(f(Sg(h3)m))]
=s—[e(h1)hao(f(Sa(h3)m))]
=s—[h1(f(SH(h2)m))]
=s—((hf)m))

Sohf € sHom(M,N), that is, the H-action is well defined. It is easy to see that gHom(M,N)
is a left H-module. For s'€ S, m € M and f € gHom(M,N) we have
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(s—=f)s"—=m) =fI(s—=m)—s]
=fls' = (m — )]
=s' —(f(m —5s))
=s'—((s = f)(m))

So (s — f)e sHom(M,N), that is, the left S-action is well defined. It is easy to see that
sHom(M,N) is a left S-module.
We have for all f e sgHom(M,N),se S,he H, and me M,

[((A1.8) = (ha))m) =(h2f)m —(h1.5)
=(h1f)m — (ha.s))
= h11(f[Sg(h12)(m — (hg.s)])
= h1(f[Su(ho)(m — (h3.9)])
=h1(f(Sa(h2)1m) — (Sg(h2)2(h3.5))])
=h1(fl(Sg(ho2)m) — (Su(h21)h3).5)])
=h1(f[(Sa(hg)m) — (Sa(h2)h4).s)D)
= h1(f[(Sa(ho)m) — (Sa(h3)h4).s)D)
= h1(f[(Sa(h2)m) — (e(h3)1x).s)])
=h1(fl(Sg(h2)m) — s])
=hil(s = FXSg(ho)m)]
=[h(s — /HI(m)

and (14) is satisfied. Therefore gHom(M,N) is a left S#H-module.

(i) When M is a finitely generated projective left S-module,
sHom(M,N)e H=gHom(M,N ® H),

so sHom(M,N) becomes an H-comodule with the given coaction. We defined p(f) as in
the proof of Lemma 2.2.2. Indeed: for all f € gHom(M,N),s€ S, and m € M, we have

fos—m)®f1 =fs—m))®f((s—m)1)1Su((s —m)1)
=f(so —mglo® f(so — mo)1Su(s1m1)
=(so — f(mo)o ®(so — f(mo)1SH(s1m1)
=(s00 — f(molo) ®so1f(mo)1Sa(mM1)SH(s1)
=(s00 — f(mo)o) ® f(mo)1SH(Mm1)s01SH(s1)
=(so = f(mo)o) ® f(mo)1SH(m1)e(s1)
=(s = f(mo)o) ® f(mo)1SH(m1)
=(s = (fo(m)))® f1

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



CHAPTER 2. A BRAUER-CLIFFORD-LONG GROUP FOR THE CATEGORY OF DYSLECTIC (S,H)-DIMODULE ALGEBRAS 3 7

So fo € sHom(M,N), that is, the right H-coaction is well defined. It is easy to see that
sHom(M,N) is a right H-comodule. We have

[(so = foXm)l®s1ft =I[fo(m —so)l®s1f1
=[f((m —s0)p)]o ® s1[f((m — s0)o)]1SH((m —s0)1)
=[f((m —s0)o)lo ® [f((m — s0)0)]1SH((Mm — s0)1)s1
=[f(mo —s00)lo ® [f(mo — s00)]1SH(M1501)s1
=[f(mo—slo®[f(mo —s0)l1SH(s11)SH(M1)s12
=[f(mo —splo®[f(mo—sp))1Su(m1)SH(s11)s12
=[f(mo —solo®[f(mo — s0)l1Sr(m1)e(s1)
=[f(mo —s)o®[f(mo—s)]1Su(m1)
=[(s = /Hmo)lo ®[(s — Fm)]1SH(m1)
=(s—flom)e(s— )

forall f e sHom(M,N),s € S,and m € M, and so the equation (2.1.8) is satisfied.Therefore
sHom(M,N) is a right H-comodule. For all f € gHom(M,N),h € H, and m € M, we have

(hf)om)®(hf)1 =(hfo)m)® f1, see Lemma 2.2.2 above.

Lemma 2.2.4. Let N,P and  be (S,H)-dimodules.

(z) If P is finitely generated projective as a right S-module, then we have an R-module iso-
morphism
ssrHom™ (N&sP,Q) = sypHom™ (N, Homg(P,Q));

(i) if P is finitely generated projective as a left S-module, then we have an R-module isomor-
phism
ssrrHom™ (P&sN,Q) = sypHom™ (N, s Hom(P,Q)).

Proof.

(1) We consider the R-linear map
¢: syrHom™ (N&sP,Q) — sggHom™ (N,Homs(P,Q))

given by ¢(f)(n)(p) = f(n®p). Let f be an element of gyrHom(N&gP,Q). For all n €
N,peP,and se S, we have

o(f)n)p—s) =f(n&(p—s)
=f((n&p) —s)
=f((n®p)1.s — (n&p)oy)
=((n®p)1.5) = f((n®p)o)
=(f(n®p)1.s) — f(n®p)g
=f(n®p)—s
=[p(f)(n)p)] —s
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So ¢(f)(n)(p) is right S-linear. We also have:

[p(f)s = n)l(p)=fl(s = n)&pl = fls = (n®p)]=s — [f(n®p)] = s — [Pp(f)()](p).

So ¢(f) is left S-linear. Let h € H,we have :

P(f)hn)p) =fl(hn)®p]
= fl(h1e(ho)n)®p]
= fl(h1n)®e(ho)p]
= fl(h1n)®e(h2)1mp]
= fl(h1n)®h21SH(h22)p]
= fl(h11n)®h12SH(h2)p]
= flh1(n®Sg(h2)p)]
=h1lf(n®Sg(h2)p)]
= h1ld(F)n)Sa(h2)p)]
= [A(p(fH))](p),

So, ¢(f) is left H-linear.Therefore, ¢(f) is S#H-linear.

Since fis a right H-linear map, we have:

[P(H)]o(p) @ [Pp(f)()]1  =[d(f)n)po)lo ® [P(F ) n)po)l1Su(p1)
=[f(n®plo®f(n®po)]1SH(p1)
=f((n®po)o) ® (n®po)1SH(P1)
=f(no®poo)®nipo1Su(p1)
=f(no®po)®n1p11Su(p12)
=f(no®po)®ni1e(p1)
=f(no®poe(p1))®ny
=f(no®p)®n
=¢p(f)no)p)eny.

We deduce that [¢(f)(n)]lo @ [p(f)n)]1 = [p(f N o)l ® n1, that is, ¢(f) is right H-colinear.
It follows taht ¢ is well defined.
Let us consider the R-linear map

v: sggHom™ (N,Homg(P,Q)) — ssrrHom™ (N&gP,Q)

defined by w(g)(n&p) = g(n)(p), for all g € gsgrHom™(N,Homg(P,Q)),n € N, and p € P.
for h € H, we have:
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y(g)(h(n&p)) =y(g)hin®hap)
= g(h1n)(hzp)
=[h1(g(n)I(h2p)
=h11lg(r)(Sg(h12)h2p)]
=h1lg(n)(Su(ha1)haop)]
= hilg(n)(e(ha)p)]
= hlg(n)(p)]
= h(y(g)(n&p),

so y(g) is left H-linear. Let s € S, we have:

w(@)ls — (né&p)]l =y(gls —n)®p]
=g(s —n)(p)
=[s = (g(n)l(p)
=s—[g(n)(p)]
=s—[y(g)nd&p)l,

so w(g) is left S-linear. Therefore w(g) is S#H-linear. Since g is a right H-colinear map,

we have:

[y(g)nédp)lo®ly(g)dné&p)li =I[g(r)p)lo®lg(n)(p)l:
=[g(n)(po)lo ® [g(n)po)lie(p1)
=[g(n)(p)lo ® [g(n)(po)1SH(P11)P12
=[g(n)(poo)lo ® [g(n)(poo)l1SH(Po1)P1
=[g(n)o(po)l® g(n)1p1
=[g(no)po)l®nip:
=[y(g)nodpo)l®nip1
= [y (@) (n®p)o)l®(n®p);.

We deduce that y(g) is right H-colinear. It follows that v is well defined.

Finally we have, for all f € sspHom® (N&gP,Q), g€ ssgpHom® (N, Homg(P,Q)),

neN,and peP,

(pow)@ln)p) =w(g)n&p) =gn)p)

and

[(Wop)XHln&p) =¢(f)n)p) =f(n&p).

So ¢ and vy are inverse of each other.
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(ii) Let f be an element of syirHom™ (P&gN,Q). We consider the R-linear map
¢ ssrHom™ (P&sN,Q) — ssHom™ (N,sHom(P,Q))
defined by ¢(f)(n)(p) = f(p®&n). We have for allne N,pe P,and s€ S,
H(f)n)(s — p)=f((s = p)&n) = f(s = (p&n)) =s — (f(p&n)) = s — [¢(f)n)(p)]
So ¢(f)(n)is S-linear. For all f € sspHomHE(N&sP,Q),n € N,peP,and se S, we have:

[p(f)(s —n)l(p) =[f(p&(s—n))
=f(p&no— Sg(ni).s))
=f((p&no) — (Su(n1).5))
= fl((p&no)1SH(n1).5) = (p&n)ol
= fl(p1no1)SH(n1).5) = (Po®n00)]
= fl(p1no1SH(n1)).8) = (Po®noo)l
= fl((p1n11SH(n12)).8) = (Po®no)]
= fl((p1e(n1)).8) — (po®ny)]
=fl(p1.s) = (po®&noe(ny))]
= fl(p1.8) = po)®n]
= fl(p — s)&n]
=¢d(f)n)(p —s)
=[s — ¢(f))](p).

So ¢(f) is left S-linear. Let h € H, we have

G(f)hn)p) = flp&hn)]

= fle(h1)p®han]

= flh11SH(h12)p®han]
= flh11SHu(h2)p&hian]
= flh1(Sg(h2)p&n)]
=h1lf(Su(h2)p®n)]

= h1lo(F)n)Su(h2)p)]
=[A(P(f)n)](p).

So ¢(f) is left H-linear.

Therefore ¢(f) is S#H-linear. Since f is left H-colinear, we have

[p()]o(p) @ [P(F))]1 = [(P(f ) ) podlo ® [(P(f)))(po)l1Su(p1)
=[f(po®nlo®[f(po®nliSu(p1)
= fl(po®n)ol®(po®n)1SH(p1)
=f(poo®no)®nipo1Sua(p1)
=f(po®ng)®nie(p1)
=f(p®ny)®ny
=d(f)(no)p)eny.
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We deduce that [¢(f)(n)]p ® [p(f)(n)]1 = ¢(f)(ng) ® ni, that is, ¢(f) is right H-colinear. It
follows that ¢ is well defined.
Let g be an element of ggzrHom™(N,sHom(P,Q)). We consider now the R-linear map

v: sggHom (N,sHom(P,Q)) — ssrrHom™ (P&gN,Q),

defined by
w(g)p&n)=g(n)(p), forallpe P,neN.

We have;

p(@lh(pédn)]l =vy(g)lhip®han)]
=g(han)(h1p)
= g(h1n)(hep)
=h11[(g(n)(SH(h12)h2p)]
= h1l(g(m)(SH(h21)h22p)]
=h1lg(n)(e(ha)p)]
=hlg(n)(p)]l = hly(g)p&n)],

so w(g) is left H-linear. Let s € S, we have

w(@)s — (p&n)] = y(g)l(s = p)dnl=g(n)(s = p) =s = [g(n)(p)]l =s — [w(g)(p&n)]
so w(g) is left S-linear.

Since g is right H-colinear. For all p € P,n € N, we have:

[y(@p&n)lo e [y(@pen)]li =[gr)(p)lelgn)(p)
=[gn)(po)lo ®[g(n)po)lie(p1)
=[gn)(po)lo®lg(n)po)l1Su(p1)p2
=[g(n)(poo)lo ® [g(n)(poo)l1SH(Po1)P1
=[g(n)o(po)l®lg(n)ilp1
=[gno)po)le(nip1)
=[y(g)po&no)le(nip1)
= [y(@)(p&n)o)]® (p&n);.

We deduce that y(g) is right H-colinear. It follows that v is well-defined. It is easy to
see that ¢ and v are inverse of each other. We have

[(poy)(@)]n)p)=y(g)p&n)=gn)p)
and

[(y o p)(p&n) = d(f)n)p) =f(p&n),
forallneN,peP,f e supHomT (N&gP,Q), and g € syrHom™(N,sHom(P,Q)).

The maps ¢ and y are inverse of each other.
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O

From Lemma 2.2.4 (i), we deduce that the functor Homg(P,—) defined from 2% to s2H
with P finitely generated projective as a right S-module is right adjoint to the functor —®gP
defined from s2f to s2H. In the notation of [59], Homg(P,Q) = [P,Q]. It also follows from
Lemma 2.2.4 (i), that if N and P are projective as right S-modules, then N®gP is projective as
a right S-module.

From Lemma 2.2.4 (i), we deduce that the functor sgHom(P,—) defined from 2 to s2H
with P finitely generated projective as a left S-module is right adjoint to the functor P&g—
defined from g2 to s2%. In the notation of [59], sHom(P,Q) = {P,Q}. It also follows from
Lemma 2.2.4 (i7) that if N and P are projective as left S-modules, then P&®gN is projective as
a left S-module.

The results of the following lemma are useful for some computations.

Lemma 2.2.5. Let M,N be (S,H)-dimodules.

() If M is finitely generated projective as a right S-module, then
(f = s)m) = f(s = m), (2.2.16)
forall f e Homg(M,N),me M, and s€S.
(ii) If M is finitely generated projective as a left S-module, then
(f = 8)m) = f(m) —s, (2.2.17)

forall fe sHom(M,N),me M, and s€ S.
Proof.

(i) Forall fe Homg(M,N),me M, and s € S, we have:

fs—m) =f(mog—Sg(mi).s)
=f(mo) —Sg(m1).s
=(f(mo)1Sg(m1).s) = (f(mo)o)
=(f1.8) — (fo(m))
=(f1.s — fo)(m)
=(f <= s)(m).

(zi) Forall fegsgHom(M,N),me M, and s €S, we have:
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(f —s)m) =(fr.s— fo)m)
=(f1.s) — fo(m)
=[(f(mp)1Sg(m)1).s1 — f(molo
= f(mo)oo — SH(f(me)o)(f(m)1SH(Mm)1).5]
= foo(m) — Su(fo1)(f1.s)
= fo(m) — Su(f11)(f12.5)
= fo(m) — (Su(f11)f12).s
= fo(m) — &(f1)s
=(foe(f1))m) —s
=f(m) —s.

d

From Sections 3 to 6, H is a commutative and cocommutative Hopf algebra and S is an
H-commutative H-dimodule algebra.

2.3 The category of dyslectic (S, H)-dimodules

Our objective for this section is to define the subcategory of dyslectic (S, H)-dimodules. Note
that an (S, H)-dimodule is just a left S-module in the braided monoidal category 2.

An object M of s2™ is dyslectic if h,, °Yus°Ysy = Py> where by : S® M — M denotes the
left action of S on M [50] . It follows that an object M of g2 is dyslectic if and only if

s—m:((sl.m)lso)—(slm)o. (2.3.1)
In our context, that means
s—m=(mi.80) — (s1my). (2.3.2)

Clearly, S is a dyslectic (S, H)-dimodule, and every H-dimodule can be regarded as a dyslectic
(R,H)-dimodule. A dyslectic (S,H)-dimodule homomorphism is an (S, H)-dimodule homomor-
phism between dyslectic (S, H)-dimodules. Let M be an (S, H)-dimodule and let us consider
the condition

s —m=(s1m)— S, (2.3.3)

which is equivalent to the equation
m—s=s9— (Sg(s1)m). (2.3.4)

Lemma 2.3.1. (i) Let N be an (S,H)-dimodule. Then the condition (2.3.3) is satisfied for N
if and only if the braiding map vy, y : M®N — N®M induces a well-defined map denoted
again y, v : M&sN — N&sM, defined by

Yun(m®sn)=min®sm,

for all M in s2H.
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(ii) Let M be an (S,H)-dimodule. Then the condition (2.3.4) is satisfied for M if and only if
the braiding map )/;JIN :M&N — N®M induces a well-defined map denoted again y;llN :
M&gN — N&gM, defined by

Yin(m®sn) = no&sSu(nim,
for all N in s2H.
Proof.
(i) Let meM,neN and s € S. If (2.3.3) is satisfied for N, then

Yun((m—38)&n) =y, (mis—mo)&n)
=(m1s = mo)1n®(mis — mo)o
=((m1s)1mo1n)&(m18)o — moo)
= ((s1mo1)n)®(m1s9 — moo)
=[((s1mo1)n) — (m1.5)1&8mo
=[((s1m11)n) — (m12.5)1&8m
=[m1((s1n) — s0)1®mg
“2% (m1(s — n)@mg
=Y yun(m&(s — n)).

So v, v 1s well defined. If y,, , is well defined for all M in s2H, then Ysn 1s well defined.
Let n€ N and s € S. We have

Ysn((Ls = 8)8&n) =74\ (1s&(s — n)).
We also have

Ysn((ls —8)&n) =((1s —s)1n)&(1s — s)o
=(1gs1n)®(1lg — so)
=((s1n)®1g) — sg
=((s1n) —s0)®1g

and yg,(1s®(s —n))=1p(s = n)®ls =(s = n)dlg.
We deduce that ((s1n) —s9)®1g =(s — n)®1g

hence s—n=(s1n)—sg. So(2.3.3) is satisfied for N.

(ii) Forallme M,ne N and s € S, we have:
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7;4,11\1((’” —8)®&n) =no®SH(n1)m —s))

@2 08(Sk(n1)(so — (SH(s1)m)),

=no®[(SHr(n1)1.50) = (S 1)2(SH(s1)M))]
=no®(Su(n2).s0) = (Sa(n1)(SH(s1)m))]
=no®(Su(n1).s0) = (Sa(n2)(SH(s1)m))]
=[no — (Sun1).50)18(SH(N2)(SH(s1)M))
=[noo — (SHa(n01).50)1®(SH(n1)(SH(s1)M))
=(so = no)®Su(sini)m)

=(s = n)o®SH((s —n))m)

= yl_wiv(mé(s —n)).

So y;llN is well defined.
If 7;411\7 is well defined, then y;lls is well defined. For all m € M and s € S, we have:

}/;Lls(m &(s —1g)) = y;l?s((m —39)®1lg).
We also have

Yk (mé(s — 1) =(s = 18)8(Su((s — 15)Dm)
=(so — 15)&(SH(s11g)m)
=50 — (1g&(Sg(s1)m))
=(1s&(SH(s1)m)o) — [Sa((15&(SH(s1)m)1).50]
=(15&(Su(s1)mo)) — [SH(1gm1).s0]
=1g58[(SH(s1)mo) — (Sg(m1).s0)]
=1g8[((SH(s1)Mmo)1(SH(m1).50)) — (SH(s1)m0)o]
=158[(mo1(Sa(m1).50)) = (SE(s1)Mmoo)]
=1g8®[((m11SH(M12)).50) = (SH(s1)mo)]
=1g&[(e(m1)so) — (SH(s1)mo)]
=158[sg — (Su(s1)m)]

and
Y;LIS((m —9)81g)=158(SH(1H)m —s)) = 1g&(m — s).

So the condition (2.3.4) is satified for M.
O

The following lemma provides an easiest necessary and sufficient condition to show that
an (S, H)-dimodule is dyslectic.

Lemma 2.3.2. Let M be an (S,H)-dimodule. Then M is dyslectic if and only if the condition
(2.3.3) is satisfied for M.

Proof. Assume the condition (2.3.3) is satisfied for M. Then we have
s = m=(sym) — sg = ((s1m)1.509) — (s1m)g = (m1.50) — (s1M0),

and the condition (2.3.2) if satisfied for M, that is, M is dyslectic. Conversely, if M dyslectic,
then

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



CHAPTER 2. A BRAUER-CLIFFORD-LONG GROUP FOR THE CATEGORY OF DYSLECTIC (S,H)-DIMODULE ALGEBRAS 46

s—m =(m1.50) — (s1mo)
=(s1mo)o — [SH((s1m0)1)(m1.50)]
=(s1mgo) — [Sg(mo1)(m1.50)]
=(s1m) — s,

and the condition (2.3.3) is satisfied for M.
O

Since conditions (2.3.3) and (2.3.4) are equivalent, an (S, H)-dimodule M is dyslectic if and
only if the condition (2.3.4) is satisfied for M. However, we can prove this result directly as in
Lemma 2.3.2. We denote by 2ys-s2™ the category of dyslectic (S, H)-dimodules with dyslectic
(S, H)-dimodules homomorphisms; it is a full subcategory of 2.

Lemma 2.3.3. Let M and N be dyslectic (S,H)-dimodules. Then M&gN is a dyslectic (S,H)-
dimodule.

Proof. Suppose M and N are dyslectic (S, H)-dimodules. Let me M,n € N and s€S. We
have

(mé&n)—s =m&[n —s)

=m&(sg — (Sg(s1)n))

=(m —s0)®(Su(s1)n)

=(s00 — (SH(s01)m)&(SH(s1)n)
=50 — ((Sp(s11)m))®(SH(s12)n))
=50 — ((Sp(s1)2m))&(SH(s1)1n))
=50 — ((Sp(s1)1m))&(SH(s1)2n))
=59 — (Su(s1)(m&n)).

So the condition (2.3.4) is satisfied for M&g N, and M&gN is dyslectic.

Theorem 2.3.4. (2 ys-SQH ,8s5,8,7) is a braided monoidal category.

Proof. Let M and N be dyslectic (S, H)-dimodules. Since M and N are dyslectic, we know
from Lemma 2.3.1 that y,, , and Yz;lzv are well defined. Let me M,n € N and s € S, we have

Yun(s —(m&n)) =y, (s —m)®n)
=((s = m)1n)&(s — m)o
=((s1m1)n)&(sg — mo)
=((sym1)n — s0)®mg
=(s — (m1n))®my
=s—((m1n)®myg)
=5 — 7Yy y(m&n),
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S0 7,y left S-linear. It is clear that y,, , is left H-linear and H-colinear and 7;411\7 is its inverse.
(]

Since Dys-» 2™ is a braided monoidal category, by [23, Remark 4.12], every dyslectic (S, H)-
dimodule finitely generated projective as a right S-module is also finitely generated projective
as a left S-module.

Lemma 2.3.5. Let M and N be dyslectic (S,H)-dimodules finitely generated projective as a
right S-module. Then Homg(M,N) and sHom(M,N) are dyslectic (S,H)-dimodules.

Proof. Suppose M and N are dyslectic (S, H)-dimodules with M finitely generated projec-
tive as a right S-module. Let f €e Homg(M,N),me M,n € N and s € S. We have

(f —=s)m) =f(s—m)
= f((s1.m) — s0)
=f(s1.m) — s
=500 — [Su(s01)(f(s1.m))]
=50 — [Su(s1)(f(s2.m))]
=50 — [SH(s)(f(SF(s2).m))]
=50 = [Su(s1)(f(SH(SH(s2)).m)]
=50 = [Su(s11)(f(Su(SH(s12)).m)]
=[so = (Su(s))I(m).

So condition (2.3.4) is satisfied, then Homg(M,N) is dyslectic.
Let fesHom(M,N),me M,ne N and s € S. We have

(s = f)m)

f(m —s)

f(so = (SH(s1)m))
=so— f(Su(s1)m)
=[s01.(f(SH(s1)m))] — s00
=[s11.(f(SH(s12)m))] — 50
=[(s1.f)(m)] — so
=[(s1.f) — sol(m).

So condition (2.3.3) is satisfied, and sHom(M,N) is dyslectic.
O

We deduce from Lemmas 2.2.4 (i), 2.3.3 and 2.3.5 that if P is finitely generated projective
as a right S-module, then the functor Homg(P,-) defined from 2ys-g2* to 2ys-s@™ is right
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adjoint to the functor —®gP defined from @ys-s2H to Dys-s?*. Likewise, we deduce from
Lemmas 2.2.4 (ii), 2.3.3 and 2.3.5 that if P is finitely generated projective as a left S-module,
then the functor gHom(P,—) defined from 2ys-s2 to @ys-s@*H is right adjoint to the functor
—&gP defined from 2ys-s2 to Dys-g2H.

Since Pys-s2H is a braided monoidal category, by [23, Subsection 2.2], we have an isomor-
phism of dyslectic (S, H)-dimodules Homg(P,Q) = sHom(P,Q) for all objects P,Q € & ys-s@H
with P finitely generated projective as a left and as a right S-module. More precisely, this
isomorphism is the map

¢:Homg(P,Q)— sHom(P,Q) defined by ¢(f)(p)=(p1.f)po)-

Note that in @ys-s@%, if N and P are finitely generated projective as right S-modules, then
N®&®gP is finitely generated projective as a right S-module. We know from [59] that there is a
Brauer group for the braided monoidal category 2ys-s2. Most of the remainder of the paper
is concerned with developing the details of the ingredients necessary to define this Brauer
group, in a precise way.

2.4 Dyslectic (S,H)-dimodule algebras

A dyslectic (S,H)-dimodule algebra is an algebra in the braided monoidal category @ys-s2%,
that is, an object A of @ys-g@* such that there are two dyslectic (S, H)-dimodule homomor-
phisms 7: A®sA — A and u: S — A satisfying the associativity and the unitary conditions of
usual algebras.

Since S is H-commutative, S is a dyslectic (S,H)-dimodule algebra. Note that a dyslectic
(S,H)-dimodule algebra is an algebra in the monoidal category 2ys-s2H which is dyslectic as
an (S, H)-dimodule. Every H-dimodule algebra is a dyslectic (R, H)-dimodule algebra.

A dyslectic (S,H)-dimodule algebra homomorphism is a dyslectic (S, H)-dimodule homomor-
phism which is compatible with the product and is a unitary algebra homomorphism.

Lemma 2.4.1. Assume that M is a dyslectic (S, H)-dimodule that is finitely generated projective
as a right S-module. Then

(i) Endg(M)is a dyslectic (S,H)-dimodule algebra: the product map is defined from Endg(M)®sEndg(M)
to Ends(M) by n(f&g)=fog, forall f,g € Ends(M) and the unit map u:S — Endg(M)
is defined by u(s)(m)=s —m.

(ii) sEnd(M) is a dyslectic (S,H)-dimodule algebra: the product map is defined by n(f®g) =
fe=gof, for all f,g € sEnd(M) and the unit map p:S — sEnd(M) is defined by
ws)(m)=s —m.

Proof.

(1) By Lemma 2.3.5 (i), Endgs(M)is a dyslectic (S, H)-dimodule. For all f,g € Endg(M),s€ S
and m € M, we have
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[7((f —$)&g)I(m) =[(f —s)oglim)
=(f —s)g(m))
=f(s —(g(m))
=f((s — g)(m))
=(fo(s —g)(m)
=[n(f&(s — g)lim),

so 7 is well defined. Clearly x is left S-linear and H-linear.
For all f,g € Endg(M) and m € M, we have

[n(feg)lo(m)en(f&®g)l1 =(fogllm)e(fogh
=[(f og)mo)lo ® [(f 0 g)Xm)1SH(m1)
=[f(g(mo)lo ®[f(g(mo)]1Sr(m1)
=[f(g(mo)oe(g(mo)1)]o ® [f(g(mo)oe(g(mo)1)]1Su(m1)
=[f(g(mo)o)lo ® [f(g(mo)o)]1e(g(mo)1)SH(m1)
=[f(g(mo)o)lo ® [f(g(mo)o)]1SH(g(Mmo)1)g(mo)eSH(m1)
=[f(g(mo)oo)lo ® [f(g(mo)o0)]1SH(g(Mmo)o1)g(mo)1SH(m1)
= fo(g(mo)o) ® f18(mo)1Su(m1)
= fo(go(m)) ® f181
=(foogo)m)® f181
=[n(fo®go)l(m)® f181.

So 7 is H-colinear.
It is easy to see that u is well defined, left S-linear and H-linear. Let us show that u is
H-colinear. For all m € M and s € S, we have

w(s)(m)e u(s)y  =I[u(s)(mo)lo ® [u(s)(mo)l1Sg(m1)
=(s = mg)o ®(s = mo)1Su(m1)
=(so — moo) ®(s1mo1)SHa(m1)
=(so —~mo)®s1e(my)
=(sp—m)®s]
= p(sp)(m)®sj.

So p is H-colinear. The identity element id s of Endg(M) is H-invariant and H-coinvariant.
It is well known that the composition law is associative. Then Endg(M) is an (S,H)-
dimodule algebra. Therefore Endg(M) is a dyslectic (S, H)-dimodule algebra.

d

Let A be a dyslectic (S, H)-dimodule algebra. The H-opposite algebra A of A is defined as
follows: A = A as a dyslectic (S, H)-dimodule, but with multiplication m 4 oy, where m 4 is the
multiplication of A . In other words,

daa’ =(ai.a')ay, for all a,a’ € A. (2.4.1)
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The action of S on A is given by s — @ =5 — @, the H- action by A.d = h.a, and the H-coaction by
(@)®(@) =ap®ai,forallae A, he H and s € S. If the action of H or the coaction of H is trivial,
then A = A°P, the ordinary opposite algebra of A. Note that S =S when S is H-commutative.

Lemma 2.4.2. Suppose that A is a dyslectic (S,H)-dimodule algebra. Then A is a dyslectic
(S,H)-dimodule algebra.

Proof. We need to show that the action of S is compatible with the product. Let s € S,a,b €
A. Then

@—s)b =(@—s)b
=((a —s)1.0)(a — s)o
=((a151).b)ag — so)
=[((a1s1).b)apl — so
=[(a1(s1.0))aol —so
=dl(s1.b) — sol
=d[(81-5_) — 5ol
=a(s—b),

so the multiplication in A is well defined. On the other hand, we have :

s—ab =(—a)b
=((s ~a)1.0)(s —a)o
=((s1@1).b)(so — ap)
=(s1(a1.b)) — splag
=(s —(a1.0))ao

=s—((a1.b)ao)
=s—((a1.b)ap)
=s —(ab).

So the multiplication in A is S-linear. For alla,b € A and h € H, we have h.(@b) = (h1.a)(h.b)
and (@b)y®(ab)1 = agbg®aib1, that is, the multiplication in A is H-linear and H-colinear. Fur-
thermore, H acts and coacts trivially on the identity element of A.

O

If A and B are dyslectic (S, H)-dimodule algebras, we define a new multiplication in A&gB
by
(AdsB)85(AdsB) 2" (A8gA)85(BogB) ™2TF AdgB.

A®gB with this new multiplication will be denoted A#gB, in other words,

(a#b)(a'#b') = a(b1.a')#bob’, for all a,a’ € A; b,b’ € B. (2.4.2)

A#gB is called the braided product of A and B.
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Proposition 2.4.3. Let A, B and C be dyslectic (S,H)-dimodule algebras. Then

(i) A#gBis a dyslectic (S,H)-dimodule algebra whose identity element is 14#1p. The actions
of H and S are respectively given by

h.(a#b) = (h1.a)#(ha.b), and s— (a#b)=(s —a)#b (2.4.3)
forallhe Hyae A,beB,s €S and the coaction of H is given by

(a#b)o ® (a#b)1 = (ap#by)®a1b1, VaeA,beB. (2.4.4)

(ii1) The canonical maps

/1AZ A—>A#SB and /13: B—>A#SB
a— ailp b— 1,#Db,

are homomorphisms of dyslectic (S, H)-dimodule algebras.

(iii) The canonical maps

Aa: A— A#gS and A’A: A — S#gA

a— ai#lg a— lg#a,

are isomorphisms of dyslectic (S, H)-dimodule algebras.

(iv) The map
¢ (A#gB)#gC — A#g(B#gC), given by ¢((a#b)#c)=a#(bi#c)

forall a€ A,b e B and c € C is an isomorphism of dyslectic (S,H)-dimodule algebras.

(v) The map
¢:B#gA — A#gB given by ¢(b#a)=(b1.a)#bg,

forall a € A,b € B, is an isomorphism of dyslectic (S,H)-dimodule algebras.

Proof. Asume A, B and C be dyslectic (S, H)-dimodule algebras.

(i) A#gB is isomorphic to the dyslectic (S, H)-dimodule A®&gB. Let h€e H,s€S,a,a’ € A and
b,b' € B, we have
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h.l(a#b)(a'#b")] =hla(bi.a)#(bod")]
=hi1.(a(b1.a")#(ha.(bob"))
=[(h11.0)(h12b1.a")#(ho1.b0)(h22.b")]
=[(h1.a)(hob1.a)#[(h3.bo)(hs.b")]
=[(h1.a)(b1ho.a)#(h3.bo)(hs.b))]
=[(h1.a)(h3.b)1h2.a")#[(h3.b)o(h4.b")]
=[(h1.0)#(h3.b)l[(ho.a' M (h4.b")]
= [(h1.a)#(ho.b)][(h3.a Y#(h4.b")]
= [(h11.)#(h12.0)][(ho1.a")#(ho2.b)]
=[h1.(a#D)[ha.(a'#D")].

Then the algebra map is H-linear. For all a,a’ € A, b,b’ € B, we have:

nl(a#b)®(a'#b")]y © nl(a#b)®(a'#b)]1
= [(a#b)(a'#b")]o ® [(a#b)(a'#b)]1
=[a(b1.a")#bob' o @ [a(b1.a)#bob 11
=[ao(b1.ap)#boobyl®(a1a’bo1b])
=lao(bo1.ap)#boobyl® (a1a’b1b))
=[(ao#bo)ay#by)l @ [(a1b1)(a)b))]
=[n((ao#bo)®(ay#by)]®[(a1b1)(@]b))]
= ntl(a#b)o®(a'#b" )]l ® [(a#b)1(a'#b")1],

therefore, the algebra map is H-colinear. We also have:
[s = (1a#1B)lo ®[s — (1a#1p)]l1 = [so — (1a#1p)]®(s11R),
this means that the unit map is H-colinear. It is easy to see that the unit map is H-linear

and S-linear. Therefore A#gB is a dyslectic (S, H)-dimodule algebra.

(ii) Leta€ A, we have:

Aath.a) =(h.a)ilp
= [hlf(hz).a]#lB
=(h1.a)#e(ho)lp
=(h1.a)#(ha.1B)
= h(a#lp)
=hAa(a),

for every h € H. That is A4 is left H-linear. For all s € S, we have:
Ap(s—a)=(s—a)tlg=s —(a#tlp) =s — Aa(a),

so A4 is left S-linear. For all a¢,a’ € A,
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Aa(@)g(a’)  =(a#lp)(a'#1p)
=al(1p)1.a'1#(15)o1R
=al[lg.a'l#1p1p
=(aa)#1p
= Aa(aa’),

then 14 is an algebra map. Finally we have:

Aa(@)o®Aala@); = (a#lp)o®(a#lp):
=(ao#lp)®aily
=Aalap)®ai,

then the map A4 is a right H-colinear map.

We show in the same way that the map Ap is left S-linear, left H-linear, right H-colinear
and

Ag(bb') =1,#(bbd")
=14(e(b1).14)#bob’
= (1a(b1.14))#bod’
=(1a#b)(14#b")
= Ag(b)Ag(b"), vb,b' €B,

that is, Ag is an algebra map.

(iii) From (ii), A4 and Aﬁq are both algebras morphisms of dyslectic (S, H)-dimodule algebra.
Moreover, we have
/1;1 A#gS — A, a#ts— a —s,

in fact,
M@l =1 a#lg)=a —1g=a, VYacA

and
AalA M a#s)] = Ma — s) = (a — s)#lg =a#(s — 1g)=a#s, VaeA,seS.
For the inverse of ;Liq’ we have
)L';ll :S#sA — A, s#ta— s—a.
Then for alla€e A and s€ S,
VL@ =1 (Ig#a)=1g ~a=a

and
A'A [A'Al(s#a)] = )Liq(s —a)=1g#(s — a) =(1g — s)#a = s#a.
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(iv) According to (i), (A#sB)#sC and A#g(B#gC) are dyslectic (S, H)-dimodule algebras. We
also know that the map ¢ is an isomorphism of dyslectic (S, H)-dimodules.

(v) Leta€ A and be B. For all s€ S, we have

Plo#(s — @) = plb#(s —a)l
=b1.(s — a)#tby
=[(b1.5) = (b2.a)l#bg
=[(b1.8)1.(b2.a) — (b1.8)ol#bo
=[s1.(bg.a) — (b1.50)1#by
=s51.(b2.0)#[(b1.50) — byl
=3s1.(b1.0)#(bg — s0)
=(b —s)1.a#(b —s)g
= pl(b — s)#al
= ¢l(b — s)#dl.

Then ¢ is well defined. For all s € S, we have;

¢Pls — (b#a)]l = ¢pl(s — b)#a)]
= (S — b)l.a#(s _— b)()
=(s1.b1).a#(sgp — by)
=((s1.b1).a — so)#bg
=(s —(b1.a))#by
=5 —((b1.a)#bg)
=s—(b1.a)#by
=5 — ¢p(b#a),

and

P(b#a) ® pb#a)1 = ((b1.a)#bo)o @ ((b1.a)#bo)1
=(b1.a)o#boo ®(b1.a)1b01
=(b1.a)o#*boo ®(b1.a)1b01
=(bo1.a0)#boo®a1b1
= p(botdp) ®a1by
= Pp((b#a)y) ® (b#a)1.
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We see that ¢ is S-linear and H-colinear. It is easy to see that ¢ is H-linear and compat-
ible with the product. We also have

(J)(IE#IA) = ((13)1.1A)#(1B)() = (1H.1A)#1]§ = lA-#lg.

Consider the map v : A#gB — B#gA given by w(%) =bo#Sg(b1).a, forallac A,beB.
Finally, for all a,a’ € A and b,b' € B, we have

(pow)a#b) = pbo#S(b1).a) =[bo1(SH(b1).a)#boo = e(b1)attbo = a#b

(o p)(B'#a") = w(b.a'#b)) = b'oo# Sp (b, (b .a") = b'o# e(b))a’ = b'#a’

Therefore ¢ is a bijection with inverse .
O

An (S, H)-dimodule is right faithfully projective if it is finitely generated projective as a
right S-module and the canonical map

v :Homg(P,S)®y,, » P —S; f&p— f(p)

is an isomorphism.

We define in a similar way a left faithfully projective (S, H)-dimodule. An (S, H)-dimodule
is said to be faithfully projective if it is right and left faithfully projective. Since Zys-gs2 is a
braided monoidal category, by [23], a dyslectic (S, H)-dimodule is right faithfully projective if
and only if it is left faithfully projective. So a dyslectic (S, H)-dimodule is faithfully projective
if it is right faithfully projective or left faithfully projective.
It follows from Lemma 2.4.1 that Endg(P) and sEnd(P) are dyslectic (S, H)-dimodule algebras
for any faithfully projective dyslectic (S, H)-dimodule P.
For a faithfully projective dyslectic (S, H)-dimodule M, we know that the left dual sgHom(M,S)
of M and the right dual Homg(M,S) of M coincide in 2ys-s2: we will denote these duals
by M*, which we regard as dyslectic (S, H)-dimodules using Lemma 2.3.5. Note that M* is
faithfully projective.

Proposition 2.4.4. Let M be a faithfully projective dyslectic (S,H)-dimodule. Then

(i) Endg(M)=gEnd(M™) as dyslectic (S, H)-dimodule algebras;
(ii) sEnd(M)=Endg(M*) as dyslectic (S,H)-dimodule algebras;

(iii) Ends(M) = sEnd(M) as dyslectic (S,H)-dimodule algebras;
and
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(iv) sEnd(M)=Endg(M) as dyslectic (S,H)-dimodule algebras.

Proof.

(i) Let f € Ends(M) and g € M* = Homg(M,S). We consider the map ¢ : Endg(M) —
sEnd(M™*) given by ¢(f)(g) = gof. Since f and g are S-linear, ¢(f)(g) € M*. For all
meM and s € S, we have

[p(f)s = @Im) =[(s—g)ofl(m)
=(s = g)(f(m))
=s—[g(f(m))]
=s—[(gof)m)]
=[s —(go)l(m)
=[s = ¢(fNg)l(m),

so ¢(f) is left S-linear, that is ¢(f) € sEnd(M™). Therefore ¢(f) is well defined.
Consider f € Endg(M) and g € M*. Clearly ¢ is left S-linear. For every m € M, we have

[P(Fo(@)l(m) ® ¢(f)o(g)
= [p(f)go)lo(m) @ [Pp(f)Ngn)1SH(g1)
=(gooflo(m)®(goof)1Su(g1)
=[(goo /mo)lo®l(goo f)mop)1SH(g1)SH(Mm1)
=[go(f(mo)lo ®[go(f(Mmo)]1SH(g1)SH(Mm1)
= [g(f(mo)o)loo ® [g(f (mo)o)]o1Sullg(f(mo) 1)1 SH(f(mo)DISH(M1)
= [g(f(mo)o)oo ® [g(F (mo)o)o1S HUg(f (o) D]1)SZ,(f(m)1)SH(m1)
=g(f(mo)o) ® f(mo)1Su(m1)
= g(fo(m))® f1
= [p(fo)(@)Im) ® f1.

This means that ¢ is H-colinear. For all f,f' € Endg(M) and g € M*, we have

QN =go(ff)=(goof =p(f)Ngof) = NP(f)E) =[P Hp(f)(g).

So ¢ is an algebra map.

Let {m@, @} be dual bases for the S-modules M and M*, where m'”) € M and f® ¢
M* =Homg(M,S). Then for every m € M, we have m =Y m® — f®O(m).

Define the map

v:sEnd(M*) — Endg(M), by w(g)m) =Y m? — [g(f)I(m).
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Since m =Y m® — fO(m), we have
flim) = Zf’(m(i))f(i)(m) = Z[f’(m(i)) — FD1m), for every f' e M* and me M.

So f' =Y f'(mV) — 9. For every g € sEnd(M*), we have g(f') = ¥ f'(m®) — [g(f®)].
This proves that ¢ov is the identity map of gEnd(M*). In the similar way, we show that
wo¢ is the identity map of Endg(M). So the algebra map ¢ is a bijection with inverse

V.

(ii) The proofis similar to (7).

(iii) Define ¢ : Endg(M) — sEnd(M) by ¢(f)(m) = (m1.f)mg) for all m € M and f € Endg(M).
We know that ¢ is an isomorphism of dyslectic (S, H)-dimodules. Its inverse ¢! : gEnd(M) —
Endg(M) is given by

& LHF)m) = (Su(m1).f)(my), for all m € M, f € sgEnd(M).

Now let show that ¢ is an algebra map. For f,f’' € Ends(M) and m € M, we have

O(FFm) = p(f1.fNfo)m)
=[m1.((f1-fNfo)l(mo)
=[((m1f1).f")(m2.f0)l(mo)
= ((m1f1).fIma(fo(Sa(m3)mo))]
= ((m1f((Sa(m3)mo)o)1Sa((Sa(ms3)mo))).f)mao(f (SH(msz)m)o)o)]
= ((m1f(Sa(m3)moo)1Sg(moy).fNma(f (Sa(ms3)moo)o)]
=((Sg(mimi2f(Sp(m3z)mo)1.f)Nma(f(Sg(ms)me)o)]
=((f(Sa(maImo)1.fNm1(f(SH(ma)mg)o)]
=((m1f(Sa(m2Imo)1.fN(m1(f(SH(ma2)mo))o]
= ¢(fm1f(Su(mgImo)]
= ¢(fl(m1.f)mo)]
= p(fIP(F)m)]
= [p(F)P(FNI(m).

Hence, ¢ is an isomorphism of dyslectic (S, H)-dimodule algebras.

(iv) It can be proved like (iii).
O

If M and N are faithfully projective dyslectic (S, H)-dimodules, then M&gN is a faithfully
projective dyslectic (S, H)-dimodule.
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Proposition 2.4.5. Let M and N be faithfully projective dyslectic (S, H)-dimodules. Then
Ends(M)#s Ends(N) = Ends(M®gN) and sEnd(M)#s sEnd(N)= gEnd(M&gN)

as dyslectic (S,H)-dimodule algebras.

Proof. Define the map ¢ : Ends(M)#s Ends(N) — Ends(M&gN) by

O(f#g)mé&n) = f(g1m)®go(n), for all f e Ends(M), g€ Ends(N),me M and ne N.

It is clear that ¢(f#g) and ¢ are well defined left H-linear maps. ¢ is an H-colinear map
since for all f €e Endgs(M),g € Ends(N),m € M and n € N, we have

P(f#g)o(mé&n) ® P(f#g)1
= [p(f#g)(m&n)o)lo ® [Pp(f#2)(Mm&n)p)]1Su(m&n)1)
= [p(f#g)mo®no)lo ® [O(f#8)mo&no)l1Sg(miny)
=[f(g1mo)®go(no)lo ®[f(g1mo)®go(no)l1Sr(miny)
=[fl(g(ro0)1SH(n01))Mol&g(rno0)olo ® [f(g(r00)1S H(1n01))Mm01&g(n00)0]1SH(M 1N 1)
= [fl(g(rno0)1SH(n01))M0olo®g(no0)ool ® [f(g(100)1S H(101))mM0]18(n00)011S H(M1)SH(N1)
=[fl(g(noo)o1Su(n01)molo®g(no0)ool ® [f1(g(1n00)01SH(n01))Mol18(n00)11SH(M1)SH(n1)
=[f1((g(no0)o1SH(n01))M)0lo®8(n00)00]l ® [f[((g(n00)01S H(n01))M)0]18(n00)1]

xS H((g(no0)o1SH(n01))M)1)SH(n1)

=[fol(g(rn00)o1SH(n01))MI®g(n00)00] ® f18(N00)1SH(N1)
=[fol(g(no)o1SH(n11)mM]&g(rn0)o0l ® f18(n0)1SH(112)
=[fol(go(no)1SH(n11))MI®g0(1n0)0] ® f181
=[folgorm)®goo(n)l® f181
= P(fo#go)md&n)® f181
= p((f#8)o)m&n) ® (f#g)1.

Now let us show that ¢ is an algebra map. We have

PUfH#)f #N(m&n) = ¢lf(g1.fHgog' lm&n)
=(f(g1.fN(gog")1m1&(gog")o(n)
= fl(g1.fNgo181m)18(g00g()(n)
= fl(g2-f"Ng181m)1&(g0g)(n)
= fl(g1.f")(g287m)]1&(g0g()(n)
= flg111'(SH(g12)g281m)1®g0(g((n))
= flg1f'(g1m)1®go(g(n)
= p(fHRIf (g m)&g)(n)]
= p(f#g)p(f'#g" ) (m&n)]
=[p(f#2)p(f'#g)(m&n)
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for all f e Ends(M),g € Endg(N),m € M and n € N. Then ¢ is a homomorphism of (S, H)-
dimodules algebras. Our assumptions imply that every element of Endg(M &gN) has the form
f&g, for f e Endg(M) and g € Endg(N). Let define the map

v:Ends(M&sN)— Endg(M)#sEndg(N), by w(f&g)m&n) = f(Sg(g1)m)®go(n).

¢ is a bijection with inverse . Therefore, ¢ is an isomorphism of dyslectic (S, H)-dimodule
algebras.

The proof of the second isomorphism follows from Proposition 2.4.4 (i7).

Lemma 2.4.6. Let M be a faithfully projective dyslectic (S, H)-dimodule. Then

(i) M&gM?™ is a faithfully projective dyslectic (S, H)-dimodule algebra: the multiplication in
M&gM™ is defined by

(m&F)m'&f)=[m — f(m&f', forall m,m' e M, f,f e M™*. (2.4.5)

(ii) The natural S-linear map ¢: M&sM™* = Endg(M) defined by
PmBF)Ym')=m — f(m"), forall m,m' e M, f e M*,

is an isomorphism of dyslectic (S, H)-dimodule algebras.

Proof.

(i) We know that M&gM™* is a faithfully projective dyslectic (S, H)-dimodule since M and
M™ are faithfully projective dyslectic (S, H)-dimodules. Lets€ S, m,ne M and f,g€ M*,
we have

[(m&f) —sl(ndg) =I[m&(f —s)l(n®g)
=[m —(f —s)(n)l®g
=[m — f(s —n)l®g
=(m&f)l(s — n)&gl
=(m&f)s — (n®g)l,

then the multiplication of M&gM™ is well defined. Forallh e H, m,n€ M and f,g€ M*,
we have
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[s ~(m&l(ndg) =[s—m)&flndg)
=[(s —=m)— f(n)l®&g
=[s —(m — f(n))]&g
=s—[(m — f(n))&gl
=s—[(m®f)(n&g).,

We also have A[(m&f)(n®g)l =[h1(m&f)I[h2(n®g)] and

[(m&f)n&g)loe[(m&f)(nd®g)li =I[m—f(n)é&glyel(m — f(n)&glh
=[(m — f(n)®gol®[(m — f(n))1g1]
=[(mo — f(n)o)®gol®[m1f(n)181]
=[(mo — f(no)o)®gol®[m1f(no)ie(ni)g1l
=[(mo — f(noo)o)®gol®[m1f(noo)1Sa(no1)n181]
=[(mo — fo(no))®gol®mifin1g1]
=[(mo®fo)(n®gol®(mi1f1)(n181)]
=(m&f)(n®&g)o @ (m&f)1(n®g)1.

So the left S-action, the left H-action and the coaction are compatible with the product
of M&sM™.
This product is associative since,

[(m&f)neg)l(p&l) =I[(m—f(n)&gl(p&l)
=[(m — f(n)) — g(p)1&!
=[m —(f(n) — g(p)1&l
=[m — (f(n — g(p)1&I
=(m&f)(n — g(p))&l]
=(m&(n®g)(p&l)],

forall m,n,pe M and f,g,l e M*. So M&gsM* is an (S, H)-dimodule algebra.

(i1) Since M is faithfully projective, ¢ is an isomorphism of dyslectic (S, H)-dimodules. Now
let us show that ¢ preserves the product and the identity element of M&sM™*. For all
m,m',m"eM and f,f' e M*,
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Plme)m'&fNI(m") = pl(m — fF(m)N&f'Nm")
=(m — f(m") — f'(m")
=m — [f(m")f'(m")]
=m —[f(m' — f(m"))],
—m — f(m’ . f’(m”))
=m — flp(m'&f")(m")]
= Pp(m&P(m'&f")(m')]
=[p(m&)Pp(m'&fN(m").

So ¢ preserves the product. Let {m®} and {f¥} be the dual bases of M and M*. We have
& mP& Py m'y = m® — FD(m’y = m,

We deduce that ¢(X mP&fD) = id
of M&gM™.

EndgM)” So ¢ preserves the identity element m®&f®

Lemma 2.4.7. Let M be a faithfully projective dyslectic (S, H)-dimodule. Then

(i) M*&gM is a faithfully projective dyslectic (S, H)-dimodule algebra: the multiplication in
M*&gM is defined by

(fem)(f'&@m')=folf'(m)—m'l forallm,m' e M, f,f e M*. (2.4.6)

(ii) The natural R-linear map ¢: M*&sM = gEnd(M) defined by
O(fem)m')=f(m') —m, forall m,m' e M, f € sEnd(M),

is an isomorphism of dyslectic (S, H)-dimodule algebras.

Proof.

(i) We know that M*&gM is a faithfully projective dyslectic (S, H)-dimodule since M and
M* = gHom(M,S) are faithfully projective dyslectic (S, H)-dimodules. Let s€ S, m,m’ €
M and f,f' € M*, we have

[(F&m) —sl(f'ém') =[f&(m — s)(f'&m')
=f&[f'(m —s)—m']
=f&l(s — f)m) —m']
=(fem)l(s — fHem']
=(fé&m)ls — (f'&ém")].
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So the product of M* &g M is well defined. Foralls€ S, m,m' € M and f,f' € M*, we have

[s = (fem)(f'ém') =[(s = H®ml(f'@m')
=(s = &(f'(m)—m')
=s—[f&(f'(m)—m')]
=s—[(fem)(f'@m')].

Let heH,

RI(fem)(f'&m')] RIf&(f'(m) — m")]

(h1.f)&[ho(f'(m)) — (hgm')]

= (h1.f)®[ha(f'(e(hgm)) — (ham')]

= (h1./)&[ha(f'(SH(h31)h3am)) — (hym')]
= (h1./)®[h21(f'(SH(h22)hzm)) — (ham')]
= (h1.f)8[(ha.f hgm) — (hgm')]

= (h1.f)8l(h3.f N ham) — (hgm')]
=[(h1./)&(ham)(h3.f)&(ham')]
=[h1(f&m)I[ha(f'&m')].

We also have

[(f&m)(f'®m")]o @ [(f ®m)(f'&m )1
=[f&(f'(m) = m"Nlp ® [f&(f'(m) — m")1
=[fo®(f'(m) = m")ol®[f1(f'(m) = m')1]
=[fo®(f'(m)o — my)® f1f'(m)1m)
=[fo&(f'(mo)o — ml® f1f'(mo)1e(m1)m}
=[fo®(f'(mo)o — my)1® f1f' (mo)1Sa(m1)mam|
=[fo®(f'(moo)o — m1® f1f'(moo)1Sa(moe1)mim}
= [fo®(f(mo) — mp)1® f1f{mim)
= (fo®mo)(fy&m() ® fim1fim)
=(f&m)o(f'&m')o ® (f ®m)1(f'&m");.

So the left S-action, the left H-action and the coaction are compatible with the product
of M*&gM.
This product is also associative since,
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[(Fem)(f'em'I(f"ém") =[f&(f'(m)—m"I(f"&m'")
=felf"(f'(m)—m')—m"]
— f@[f’(m)f"(m') R m//]
=f&lf'(m) — (f"(m') — m")
=(fem)lf'&(f"(m") — m')]
=(fem)l(f'&m/)(f"&m")]

for all £,f',f" e M*, and m,m/,m" € M. Therefore M*&gM is an (S, H)-dimodule alge-
bra.

(i7) Aslemma 2.4.6 we will just show that ¢ preserves the product and the identity element
of M*®&gM. For every f,f' € M* and m,m’,m” € M, we have

Pl(fem)(f'e@ml(m") = ¢lf&(f'(m) — m)l(m")
=f(m")—[f'(m) — m']
=[f(m")f'(m)] —m'
=[f'(f(m") = m)] = m'
=¢(f'@m')(f(m") — m)
= ¢(f'&m)p(f &m)(m")]
= [p(fe@m)P(f' @m")I(m"")

Note fP&m® is the identity element of M*&gM, where {f¥} and {m?} are respectively
the dual bases of M* and M. Hence for every m’' € M we have
¢ FP8mNm) =Y fOm) = mP =m' =id_p, 40 (m).
Proposition 2.4.8. Let A be a dyslectic (S,H)-dimodule algebra. If M is a dyslectic (S,H)-
dimodule that is faithfully projective as an S-module, then
A#gEnds(M)Z Ends(M)#sA and gsEnd(M)#sA = A#ggEnd(M)

as dyslectic (S,H)-dimodule algebras.

Proof. This is shown for general braided monoidal categories in [59, Proposition 2.4()].
Here we identify Endg(M) with M&gM™*, we define the map 71 as the composition of the follow-
ing morphisms:

“1g id id®
n: AsMagM* | 5 MagAteM* 5 MagM*#gA
given by
n(a#m&f)=mo®ai.f#Sp(m1).ag, foralla€ A,me M and f e M*.

So 71 is well defined. Now let us show that 7 is an algebra map. For all a,b€ A, m,ne M
and f,g € M*, we have
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nla#m&f)(b#ndg)]
=nla((m&f)1.0)#(m&f)o(n&g)]
=nla((m1f1).0)#(mo@fo)(n&g)]
=nla((m1f1).0)#(mo — fo(n))®gl
=(mo — fo(n)o®la((m1f1).0)]1.g#Sul(mo — fo(n)1l.la((m1f1).5)]o
=(mo < fo(n)o)®(a1b1).g#Su(m1fo(n)1).lag((mzf1).b0)]
=mo®[fo(n)y — (a1b1).gl#Su(m1fo(n)1).lao((maf1).b0)]
=mo®[(fo(n)1a1b1).8 — fo(n)ol#Sr(m1fo(n)2).lao((maf1).bo)l
=mo®(fo(n)2a1b1).g#[fo(n)o — Su(m1fo(n)1).lag((maf1).b0)]1]
=mo®(fo(n)2a1b1).g#[fo(n)o — Su(fo(n))SH(Mm1).[ao((maf1).b0)l]
=mo®(fo(n)1a1b1).g#[Su(m1).lao((m2f1).b0)] — fo(n)ol
=mo®(fo(n)1a161).g#[(Sr(m1).a0)(SH(m2)(msf1).bo) — fo(n)oll
=mo&(fo(n)1a1b1).g#l(Sg(m1).ao)l(f1.60) — fo(n)oll
=mo®(f(no)o1a161).g#(Sr(m1).a)l(f(n0)1SH(n1).b0) — f(10)0ol]
=mo®(f(no)1a1b1).g#[(Sg(m1).ao)lf(nolo — (Su(n1).bo)ll

n(a#m®f)n(b#ndg)
=[mo®a1.f#Sg(m1).aollno®b1.g#Sg(n1).b9l
=(mo®a1.f(Sa(m1).a0)1.(no®b1.8)1#(SH(m1).a¢)o(SH(n1).bo)
=(mo®az.fla1.(no®b1.2)l#(SH(m1).ao)(SH(n1).bo)
=[mo —(a3.fNa1no)®azb1.g#(Sr(m1).a0)(SH(n1).bo)
=[mo —a3.f(Sglag)aing)l®asb1.g#H(Sy(m1).ao)(SH(n1).bo)
=[mo —ai1.f(no)l®agb1.g#(Sp(m1).a0)(Su(n1).bo)
=mo®lai.f(ng) = az2b1.g1#(SH(M1).a0)(SH(11).bo)
=mo®[(f(no)ragb1).g —a1.f(no)ol#Su(m1).a0)(Su(n1).bo)
=mo®(f(no)razbi).g#lai.f(nglo — (Sp(m1).ap)(Sa(n1).bo)l
=mo®(f(no)1a1b1).g#lao1.f(no)o — (Sa(m1).a00)(SH(r1).b0)]
=mo®(f(no)ra1b1).g#llao1.f(noo — (Su(m1).aon)(SH(n1).b0)]
=mo®(f(no)ragb1).g#l[(Sg(m1).ap)o — SEl(SH(Mm1).a0)1l(a1.f(no)I(SH(n1).b0)]
mo®(f(no)1asdb1).g#ll(Sg(m1).ag) — Suai)az.f(no))I(SHa(n1).00)]
=mo&(f(no)1a1b1).g#ll(Sa(m1).a0) — f(no)ol(SH(n1).b0)]
=mo®(f(no)1a1b1).g#(Sa(m1).ap)lf (no)o — (Su(n1).60)]l.

We have nl(a#m&f)b#n&g)]l = n(a#mf)n(b#n&g) so n is an algebra map. We know that 7 is
an isomorphism of (S, H)-dimodules. Its inverse is the map

5 -1
&gy

id ®,id
£ MM #gA -0 MégA#gM* -5 AM&sM*,

given by
Emdf#a)=mi.ao#mo®Su(ar).f, forallmeM,f e M*,acA.

Therefore A#g Ends(M)=Endg(M)#sA as dyslectic (S, H)-dimodule algebras.
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2.5 Dyslectic (S,H)-dimodule Azumaya algebras

We will introduce the notion of a dyslectic (S,H)-dimodule Azumaya algebra and work from
there toward our eventual goal of defining the Brauer-Clifford-Long group.

Proposition 2.5.1. Let A be a dyslectic (S,H)-dimodule algebra which is faithfully projective
as an S-module. We define two S-linear maps

F: A#SA —Endg(A) and G: A#SA —Endg(A)
(a#b)(c) — a(bi.c)bg (a#b)(c) — (c1.a)cob,

forall a,b and c€ A. Then F and G are dyslectic (S, H)-dimodule algebra homomorphisms.

Proof. The map F(a#b) is S-linear and F is well defined since

F(a#b)(c—s) =a(bi.(c—s))bg
=a((by.c) — (b2.5))by
=a(ba.c)((b1.8) — bo)
= a(bl.c)(bo “— S)
=[a(b1.c)bpl —s
=[F(a#b)(c)] —s,

and

Fl(a — s)#bl(c) =(a —s)(b1.c)bg
=a(s —(b1.0))bo
=a(s1.(b1.c) — s0))bg
=a((s1b1).c)(so — bo)
=a((s = b)1.c)(s = b)o
= Fla#s — bl(c)
= Fla#(s — b)I(c),

for all a,b,c € A and s € S. It is clear that F' is H-linear and left S-linear. For the right
H-colinearity, we have:

[F(a#D)]o(c) ® [F(a#b)ly =[F(a#b)(co)® [F(a#b)(co)l1SH(c1)
=[a(bi.co)bolo ®la(b1.c0)boliSH(c1)
=ao(b1.co)oboo®a1(b1.co)1bo1SH(c1)
=ao(b1.c00)boo ® a1co1b01SH(c1)
=ao(bo1.co)boo®a1bie(cy)
=ag(bo1.coe(c1))boo ®a1by
= F(a0#50)(c) ® a161
= F((a#b)o)(c) ® (a#b);.
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Finally, let us show that F' is an algebra map. For all a,a’,b,b'c € A, we have

Fl(a#b)a'#b")1(c) =Fla(bi.a")#bob'1(c)
= Fla(ba.a)#(b1.6")bol(c)
= (a(b2.a")((b1.5")b¢)1.¢]((b1.5")bo)o
= (a(bz.a")((b1.5")1b01).cl((b1.6")boo)
= (a(b2.a"))(b]bo1).cl((b1.54)boo)
= al(bz.a")(b}b01).¢)(b1.b))1boo
= al(b3.a’)(b1.(b].c))b2.b))]1bo
=al(b1.a’)(b2.(b].c))(b3.b())]bo
=alb1.(a'(b].c)by)]1bo
= F(a#b)(a'(b'.c)by)
=F(a#b)(F(a'#b')(c))
=F(a#b)F(a'#b')(c).

We deduce that F[(a#b)(a'#b')] = F(a#b)F(a'#b'). Therefore F is a dyslectic (S, H)-dimodule
algebra homomorphism. We do the same work for the map G, since Endg(A)= gEnd(A) and
we use the H-action and H-coaction defined in Lemma 2.2.3.

O

Let A be a faithfully projective dyslectic (S, H)-dimodule algebra. We say that A is a
dyslectic (S,H)-dimodule Azumaya algebra, that is, an Azumaya algebra in the category QD ys-
s@H  if A is faithfully projective, and the dyslectic (S, H)-dimodule algebra homomorphisms
F:A#gA — Endg(A) and G : A#gA — Endg(A) are isomorphisms.

An R-module is an R-progenerator if it is finitely generated projective and faithful (that is
a generator) in the category of R-modules. Let A be a dyslectic (S, H)-dimodule algebra. Since
H is cocommutative, if the coaction of H is trivial, then S is commutative, A = A°P, and A is
just an S-progenerator (S,H)-algebra for which the natural map A ®g A°? — Endg(A) is an
isomorphism of (S, H)-algebras. So A is an (S, H)-Azumaya algebra in the sense of [31]. Since
H is commutative, if the action of H is trivial, then S is commutative, A = A°?, and A is just
an S-progenerator (S, H)-Hopf algebra for which the natural map A ®g A°? — Endg(A) is an
isomorphism of (S, H)-Hopf algebras. So A is an (S, H)-Hopf Azumaya algebra in the sense of
[31].

Theorem 2.5.2. The following properties hold:

() If M is a faithfully projective dyslectic (S,H)-dimodule, then Endg(M) is a dyslectic
(S, H)-dimodule Azumaya algebra.

(i) If A and B are dyslectic (S,H)-dimodules Azumaya algebras, then A#gB is a dyslectic
(S,H)-dimodule Azumaya algebra.
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(iii) IfA isadyslectic (S,H)-dimodule Azumaya algebra, then A is a dyslectic (S, H)-dimodule
Azumaya algebra.

Proof.

(1) Itis clear that Endg(M) is faithfully projective. The maps

F:Ends(M)#sEnds(M)— Endg(Endg(M))

and G : Ends(M)#sEndg(M) — Ends(Endg(M))

are isomorphisms since, from Proposition 2.4.4, we have
Ends(M)=gEnd(M)=Endg(M™)

as dyslectic (S, H)-dimodule algebras. So we have

Ends(M#sEnds(M) = Endg(M)#sEndg(M*)
=Ends(M&sM™*) Proposition 2.4.5
=ZEndg(Endg(M)) Lemma 2.4.6(i1)

and
Ends(M#sEnds(M) =Endg(M*YisEnds(M)
= Endg(M*&gM)
=Ends(M&sM™*)*)
= Endg(Endg(M))*)
=EndgEnds (D)

(ii) Since A®gB is faithfully projective so is A#gB. Using Propositions 2.4.3, 2.4.5, and 2.4.8,
the maps

F:(A#gB)#gA#gB — Endg(A#gB) and G:A#gB#g(A#gB)— Endgs(A#gB)

are dyslectic (S, H)-dimodule algebra isomorphisms:

(A#gB)#gA#gB = A#gB#gBi#gA
= A#gEndg(B)#sA
= A#gA#sEndg(B)
=ZEnds(A)#gEndg(B)
=Endg(A®gB)
= Ends(A#SB)

and
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A#gB#g(A#gB) = B#gA#gA#gB
B#gEndg(A)#sB

= B#SB#SETS(A)

= Ends(B*)#SEnds(A*)
= Ends(B*ésA*)
=Ends((A&sB)™)
=ZEndgs(A®gB)

= Endg(A#gB).

~
~

So F and G are isomorphisms.

(iii) Since A is faithfully projective so is A. Using Propositions 2.4.4 and 2.4.3, the map
F:A#gA — Endg(A) and G : A#gA — Endg(A) are dyslectic (S, H)-dimodule algebra
isomorphisms. We have:

A#gA = A#gA =Endg(A) = Ends(A) = Endg(A),

and  A#gA = A#gA =Endg(A)=Endg(A)

so F' and G are isomorphisms.
O

We will say that a dyslectic (S, H)-dimodule Azumaya algebra E is trivial if E = Endg(P)
as dyslectic (S, H)-dimodule algebras, for some faithfully projective dyslectic (S, H)-dimodule
P. If a dyslectic (S, H)-dimodule Azumaya algebra E is trivial, then so are E* and E. If M and
N are faithfully projective dyslectic (S, H)-dimodules, then so is M®gN. It follows from Propo-
sition 2.4.5 and Theorem 2.5.2 that the braided product of two trivial dyslectic (S, H)-dimodule
Azumaya algebras is a trivial dyslectic (S, H)-dimodule Azumaya algebra. When A is a dyslec-
tic (S, H)-dimodule Azumaya algebra, then we have that A#gA and Endg(A) are isomorphic
as dyslectic (S, H)-dimodule Azumaya algebras, and A#gA and Endg(A) are isomorphic as
dyslectic (S, H)-dimodule Azumaya algebras.

We will say that two dyslectic (S, H)-dimodule Azumaya algebras A and B are equivalent if
there exist trivial dyslectic (S, H)-dimodule Azumaya algebras E; and E9 such that A#gE =
B#gE> as dyslectic (S, H)-dimodule Azumaya algebras.

Lemma 2.5.3. The above relation is an equivalence relation on the collection of dyslectic (S, H)-
dimodule Azumaya algebras.

Proof. The only thing we have to show is transitivity. Suppose A,B and C are dyslec-
tic (S, H)-dimodule Azumaya algebras for which A is equivalent to B and B is equivalent to
C. Then there exist faithfully projective dyslectic (S,H)-dimodules E1,E9,E3 and E4 such
that A#sEndg(E1) = B#sEndg(E2) and B#gsEndg(E3) = C#sEndg(E4) as dyslectic (S,H)-
dimodule Azumaya algebras. We have the following dyslectic (S,H)-dimodule Azumaya al-
gebras isomorphisms:
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A#gEndg(E18sE3) =A#gEndg(Eq)#sEndg(E3)
Z B#gEndg(E9)#sEndg(E3)
ZB#gEndg(E3)#sEndg(Es)
= C#sEndg(Eg)#sEndg(Es)
=C#sEndgs(E48sE>),

so this relation is transitive, then it is an equivalence relation.
O

We have now collected all of the ingredients necessary to define the Brauer group for the
braided monoidal category Zys-s2H.

Definition 2.5.4. The Brauer-Clifford-Long group for the category of dyslectic (S, H)-dimodules
Azumaya algebras is the set BD(S,H) of equivalence classes of dyslectic (S,H)-dimodule Azu-
maya algebras modulo the relation defined by taking #g-products with trivial dyslectic (S,H)-
dimodule Azumaya algebras.

We remind the reader that our Azumaya algebras in @ys-s?H are assumed to be left
and right faithfully projective. From the viewpoint of [23], these algebras constitute a closed
braided monoidal category and so the Brauer-Clifford-Long group we have described is the
Brauer group of this category.

Theorem 2.5.5. Let H be a commutative and cocommutative Hopf algebra and S an H-commutative
H-dimodule algebra. Then BD(S,H) is a group. If [A] and [B] denote the equivalence classes

of dyslectic (S,H)-dimodules Azumaya algebras A and B, then in BD(S,H), we will have
[A].[B] = [A#gB]. The identity of BD(S,H) is the equivalence class [S] consisting of all triv-

ial dyslectic (S,H)-dimodules Azumaya algebras, and [A]™! = [A], for all [A1€ BD(S,H).

Proof. The product in BD(S,H) is well defined by Propositions 2.4.3, 2.4.5, 2.4.8, and
Theorem 2.5.2(ii). This product is associative and has an identity element (Proposition 2.4.3).

Let A be a dyslectic (S, H)-dimodule Azumaya algebra. By Theorem 2.5.2(iii), A is a dyslec-
tic (S,H)-dimodule Azumaya algebra. It is clear that [A] is the inverse of [A] in BD(S,H).
Therefore BD(S,H) is a group.

Example 2.5.6.

We consider again Example 2.1.1.
A G-graded algebra S is an R-algebra S which is a G-graded R-module S = @ ¢S, such that
ss' €8, for all s €S, and s’ € Sy/. An R-module is a G-graded algebra if and only if it is an
RG-comodule algebra. A left G-module algebra is exactly a left RG-module algebra. If S is a G-
module algebra, we will denote the smash product of S with RG by S#G. A G-dimodule algebra
is a G-graded algebra which is a G-dimodule and a G-module algebra. Let S be a G-dimodule
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algebra. Following the terminology of [15], an (S,G)-dimodule will be a G-graded S-module
which is an S#G-module and a G-dimodule. S is graded-commutative if ss’ = (¢.s’)s for all
s€Sy,8' €8. Then S is graded-commutative if and only if it is RG-commutative. Let S be a
graded-commutative dimodule algebra. We denote by s2€ the category of (S, G)-dimodules: its
morphisms are the graded S-linear maps of degree e which are G-linear. An (S,G)-dimodule
M is dyslectic if s — m = (¢’.s)(om) for all s € S, and m € M. We denote by Dys-s2¢ the
category of dyslectic (S,G)-dimodules: it is an abelian full subcategory of 2. If M and N are
dyslectic (S,G)-dimodules, so is M ®g N. We can show that (D ys-s@G , ®5,8,7) is a braided
monoidal category, where vy, (m ®sn)=o0negm for m € M, and n € N. Then we can define
a Brauer group in Dys-s2% which we will denote by BD(S,G): it is a generalization of the
Brauer-Long group BD(R,G) of R with respect to G introduced in [15]. We can show that the
categories Dys-s28G and Dys-2© are equivalent and that the Brauer-Clifford-Long group
BD(S,RG@G) is isomorphic to the Brauer group BD(S,G).

Before ending our example, let’s say a few words about RG-dimodules in the case of a
cyclic group of order 2, G = {e,0}. Set H = RG, the left group algebra of G over R. If S is an
H-dimodule algebra, then for any s € S, we have

p(s)23(0)®e +S1)®0 (2.5.1)

Therefore for any s,t € S, we have:

i) s= S0)tS®) with S(0),S(1) € S,
(@) (st)o) = st +swmta),
(@ii) (st = st +swto),

(iv) (os)0) =0s(0) and (0s)(1) = T5(1).

The RG-commutativity of S means

ss' =s's(g) +(0.5")s(1) (2.5.2)

For an (S,RG)-dimodule M, where S is an RG-commutative RG-dimodule algebra, the
dyslectic condition means

S—m= [S(o) - m(o)] + [8(1) - (Jm(()))] + [(U.S(o)) — m(l)] + [(J.S(l)) - (Um(l))].
Example 2.5.7.

We keep the notations of Example 2.1.2.

If M is an L-comodule, we denote by m — m) ® m(y) its comodule structure. Let S be a
K-dimodule algebra and T be an L-dimodule algebra. Then S x T' is an H-dimodule algebra :

A, A )s,8) =(As,A't),
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(B,0).(s,t) =(k.s,l.0)

and
(s, 01 ®R (s, )11 = (50,%0)) ®R (S1,%(1))

for L,A' ek, keK,leL,se€S and t € T. If furthermore, S is K-commutative and T is L-
commutative, then S x T' is H-commutative. Let S be a K-commutative K-dimodule algebra
and T an L-commutative L-dimodule algebra. Thus we can consider the categories 2%,
Dys-s@K, 9L, Dys-T@L, (SxT)@H, Dys-(sXT)@H. We have three Brauer groups BD(S,K),
BD(T,L) and BD(S xT,H). We want to establish some relations between these Brauer groups.
Every object M of the category s2X (resp. Dys-s2X ) is an object of gx7@H (resp. Dys-
(SxT)@H) : (s,t)m = sm (the first projection S xT' — S), (k,1).m = km (the first projection K x L —
K) and mig®@m[1=mo®(m1,01) forse S, t €T and m € M. Every object M of the category oL
(resp. Dys-72%) is an object of (SxT)QH (resp. Dys-(3xT)@H) : (s,t)m = tm (the second projec-
tion S xT — T), (k,1).m = Im (the second projection K x L — L) and mgi®m1] = m(y)®(0x,m1)).

For every M in s2X or in 2%, we have Ends(M) = End,_,(M).
Let M and N be two (S x T', H)-dimodules. Then the braiding map in (SxT)@H is defined by

Yun(m®g n)=(mpn)eg ,mp; vV meM,neN.
When M and N are objects of g2X viewed as objects of (SxT)@H , we have
Y (M & 1) =(m1.n)®g, . mo

(note the similarity with the braiding of 2%).

When M and N are objects of 9% viewed as objects of (SXT)@H , we have
yM’N(m ®g,.p 1) =(m(1).n)®¢ . m(0)

(note the similarity with the braiding of 72%). Now when M (resp. N) is an object of 2% (resp.
an object of r2%) viewed as an object of (SXT)QH , we will consider the trivial braiding, that is,

Yun(m®g n)=neg m.

In the same way, when M (resp. N) is an object of 72F (resp. an object of g2X) viewed as an
object of (SxT)@H , we will consider the trivial braiding.

Every faithfully projective object in D ys-g@¥X is faithfully projective in D ys-(sXT)@H . Like-
wise, every faithfully projective object in D ys-p@" is faithfully projective in D ys-(SXT)QH . Let
A be a dyslectic (S,K)-dimodule algebra (resp. a dyslectic (T',L)-dimodule algebra), then A
is a dyslectic (S x T, H)-dimodule algebra. If A is the K-opposite algebra of A as a dyslectic
(S,K)-dimodule algebra, then A is the H-opposite of A as a dyslectic (S x T', H)-dimodule alge-
bra. Likewise, if A is the L-opposite algebra of A as a dyslectic (T, L)-dimodule algebra, then
A is the H-opposite of A as a dyslectic (S x T, H)-dimodule algebra. Dyslectic (S, K)-dimodule
Azumaya algebras and dyslectic (7',L)-dimodule Azumaya algebras are dyslectic (S x T', H)-
dimodule Azumaya algebras.
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If A and B are dyslectic (S, K)-dimodule algebras, the braided product of A and B in Dys-
(SXT)@H is gl'ven by

(a#Sbe)(a'#Sbe') =(a(by.a)#. .(bod); a,a’ €A b,b €B.

SxT

If A and B are dyslectic (T',L)-dimodule algebras, the braided product of A and B in Dys-
(SxT)@H is gl'ven by

(G#Sbe)(a’#Sbe,) = (a(b(1)-a,))#sxT(b(0)b,); a,a' € A, b, b’ e B.
We have injective group homomorphisms
BD(S,K)—BD(S xT,H)

and
BD(T,L)— BD(S xT,H).

If T =k as a trivial L-dimodule algebra, we deduce an injective group homomorphism

BD(S,K)— BD(S,H).

If S =k as a trivial K-dimodule algebra, we deduce an injective group homomorphism

BD(T,L)— BD(T,H).

Let A (resp. B) be a dyslectic (S,K)-dimodule algebra (resp. a dyslectic (T',L)-dimodule
algebra). Then the braided product of A and B in D ys-(SxT)@H is the trivial one, that is,

(a#Sbe)(a'#Sbe') =(aa’) ®g (bb'); a,a’'€A,b,b' eB.

It follows that the classes of A and B in BD(S x T',H) commute. Furthermore if A (resp. B)
is a dyslectic (S,K)-dimodule Azumaya algebra (resp. a dyslectic (T,L)-dimodule Azumaya
algebra), then A#, B is a dyslectic (S, T)-dimodule Azumaya algebra. We have a well-defined
injective group homomorphism

BD(S,K)xBD(T,L)— BD(S xT,H); ([ALIB])—I[A®, Bl

SxT

We can show that the intersection of BD(S,K) and BD(T,L) in BD(S x T',H) is trivial.
2.6 Elementary homomorphisms between Brauer-Clifford-

Long groups

We are going to present some elementary homomorphisms between Brauer-Clifford-Long groups
that are induced by scalar extensions and central twists.
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We first consider scalar extensions. Let R’ be a commutative ring with trivial H-action
and H-coaction. Fix a ring homomorphism from R to R’. Then H' = R’ ® H equipped with its
natural R’-module structure is a Hopf algebra over R’. Let S be an H-commutative H-dimodule
algebra. Then R'® S is an H'-commutative H'-dimodule algebra. Let M be an (S, H)-dimodule.
Then R’ ® M equipped with its natural R’ ® S-module structure is an (R’ ® S, H')-dimodule. If
M is dyslectic then so is R’ ® M. If M is faithfully projective as an S-module, then R’ ® M is
faithfully projective as an R’ ® S-module. Furthermore, if A is an (S, H)-dimodule (Azumaya)
algebra, then R’ ® A will be an (R’ ® S, H')-dimodule (Azumaya) algebra, and R’® A= R®A.
The canonical nature of these identifications allows us to lift this to a homomorphism between
the Brauer-Clifford groups.

Proposition 2.6.1. Let S be an H-commutative H-dimodule algebra. Suppose that R' is a
commutative ring with trivial H-action and H-coaction and there is a homomorphism ring
from R' to R. Then the map BD(S,H) — BD(R' ® S,R’ ® H) given by [A]— [R'®A], for all
(S,H)-dimodule Azumaya algebras A, is a group homomorphism.

Central twists also induce homomorphisms between Brauer-Clifford-Long groups. Let S be
an H-commutative H-dimodule algebra. Let H-Autr(S) be the group of H-dimodule algebra
automorphisms of S. We claim there is an action of H-Autr(S) on the Brauer-Clifford-Long
group. For M € 2 and 7 in H-Autg(S), let ;M be equal to M as an H-dimodule, but has left
S-module structure given by

sbm=11s)—m

for all s € S,m € M. Using the H-linearity and the colinearity of 7, we can see that ;M € g2%.
The corresponding right S-module structure on ;M is given by

m<s=m—1 (s).
Using the H-linearity and the H-colinearity of 7, we can show that if M is an object of Dys-

s2™ then sois ;M.

Lemma 2.6.2. Let S be an H-commutative H-dimodule algebra. Let T € H-Autgr(S). Let
M,N € g2 Then the following hold.

(i) {(M®&sN)=;M&g.N;

(ii) M is finitely generated projective as a right (left) S-module if and only if M is finitely
generated projective as a right (left) S-module;

(iii) If M is finitely generated projective as a right S-module, then ;Homg(M;N)and Homg(;M,;N)
are isomorphic in 2%,
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(iv) If M is finitely generated projective as a left S-module, then ;(sHom(M,N)) and sHom(;M,;N)
are isomorphic in s2; and

(v) M is S-faithfully projective in Dys-s@™ if and only if ;M is S-faithfully projective in
D ys-s@H.

Proof.

(i) The new S-action is well defined. The identity map Id : ;(M&gN) — ;M&g,;N is H-linear,
H-colinear and S-linear. So ;(M&gN)=,M&g,N in 32

(i1) Since M is finitely generated projective, m =}, _; FD(m) — mP, where {m®, 9} is a
dual basis of the left S-module M. For all s€ S,m € M; we have

sbm=1 1) ~m<=1(8)>m=111(s)) ~m=s—m.
We deduce that, for every m e M,
m=Y fOm)—m? =Y o(fOm)>m? =Y (o f)m)>m?,
iel el iel

that is, M is finitely generated projective as a left S-module iff ; M is finitely generated
projective as a left S-module.

(iii) Let M,N in 32 and f € Homg(M,N).
By definition, M (resp. N) is equal to ;M (resp. ;N) as objects of 2H then, f is right
S-linear, left H-linear and right H-colinear from M to N, if and only if it is so from ;M
to ;N and s> f =s — f. On the other hand, ;Homg(M,N) is equal to Homg(;M,;N) as
objects of 2H and the identity map from ;Homg(M,N) to Homg(;M,;N) is S-linear.

Therefore ;Homg(M,N)= Homg(;M,.N) as objects of 2.

(iv) Adapt the proof of (iii).
(v) By definition, M € Dys-s2" < .M € Dys-s2", and it is clear that M is faithfully
projective as a left S-module iff ; M faithfully projective as a left S-module.

O

Definition 2.6.3. Let S be an H-commutative H-dimodule algebra. Let A be an algebra in
D ys-s@H . For any 1 € H-Autgr(S), we define ;A to be equal to A as an H-dimodule algebra, but
equal to ;A as an S-module.

Lemma 2.6.4. Let S be an H-commutative H-dimodule algebra. Let 1 € H-Autr(S) and A be
an algebra in Dys-s2™. Then ;A is an algebra in Dys-g@*.

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



CHAPTER 2. A BRAUER-CLIFFORD-LONG GROUP FOR THE CATEGORY OF DYSLECTIC (S,H)-DIMODULE ALGEBRAS 75

Proof. By Lemma 2.6.2 (i), ;(A®gA) = ;A®g; A in Dys-g2*. The product of A induces a
well-defined product on ;A ( see Lemma 2.6.2 (i)). The unit map on A induces a well-defined
unit map on ;A. This product and this unit map satisfy the usual properties of associative alge-
bra. Therefore ;A is a dyslectic (S, H)-dimodule algebra, that is, it is an algebra in D ys-s@H .

d

Lemma 2.6.5. Let S be an H-commutative H-dimodule algebra. Let 1 € H-Autg(S). Then the
following hold.

(i) If M is faithfully projective as an S-module in Dys-s@", then ;Ends(M) = Endg(; M)
and (sEnd(M)) = gEnd(; M) as algebras in Dys-g2";

(ii) if A is an algebra in Dys-g@H, then ;A is an algebra in Dys-s@2*™, and ;A = ;A as alge-
bras in Dys-s2H;

(iii) if A and B are algebras in Dys-s@, then (A#gB) is an algebra in Dys-s2™ and
(A#gB) = ;A#g.B as algebras in Dys-S@H; and

(iv) if A is an Azumaya algebra in Dys-s@™, then so is ;A.

Proof.

(i) From Lemma 2.6.2 (iii) and (iv), ;Ends(M)Z Endg(; M) and ;(sEnd(M)) = gEnd(;M)
in ¢22. Since Endg(M) and sEnd(M) are algebras in Dys—S@H, so are ;Endg(M)
and ;(sEnd(M)) (Lemma 2.6.4). Clearly Ends(;M) and sEnd(;M) are algebras in
Dys-s2. Therefore ;Ends(M) = Ends(;M) and (sEnd(M)) = sEnd(;M) as algebras
in Dys-s@H.

(ii) Since ;A and A are algebras in Dys-s2%, so are T_A and ;A (Lemmas 2.4.2 and 2.6.4)
and we have:
sba=11s)—a=1 Ns)—d=s>a.

Therefore ;A is equal to ;A as algebras in Dys-g@2*.

(iii) Let A and B be algebras in Dys-g@. A#¢B is an algebra in D ys-s2 (Proposition 2.4.3
(i), so by Lemma 2.6.4 , ;(A#gB) is an algebra in Dys-s2*. Since ;A and B are alge-
bras in Dys-g2* (Lemma 2.6.4) , then so is ;A#g,B. We also have ;(A#gB) = ;A#g.B in
s2H , therefore ;(A#gB) = ;A#g.B as algebras in Dys-s2".
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(iv) Let A be an Azumaya algebra in Dys-s@2 . Using the definition of an Azumaya algebra
and the fact that ;A =; A, we get the assertion.

d

Proposition 2.6.6. H-Autr(S) acts by automorphisms on BD(S,H). The action is given by
1.[A1=[;A], for any Azumaya algebra A in Dys-s2™ and 1 € H-Autg(S).

Proof. Let A and B be two equivalent Azumaya algebras in Dys-g2. Then there ex-
ist faitfully projective (S, H)-dimodules M and N such that A#gEndg(M) = B#sEndg(N) as
dimodules algebras. By Lemma 2.6.5(i) and (iii), we have:

1A#ts Ends(:M) 1Attg :Ends(M)
(A#ts Ends(M))
(B#g Endg(N))
+B#g ;Endg(N)
B#g Endg(;N).

e 1 me mem

Then ;A and B are Brauer equivalent Azumaya algebras in Dys-g2™. So the action of
H-Autr(S) on BD(S,H) is well defined.

By Lemma 2.6.5 (iii), ;(A#sB) = ; A#g.B as algebras in Dys-S@H. Then, we have
7.([A1[B]) = 1.([A#sB]) = [ (A#sB)] = [{A#g.B] = [ Al[:B] = (z.[A](z.[BD),

so the action of 7 on BD(S,H) is a homomorphism of groups.

Let A and B be Azumaya algebras in Dys-s2™. If 7,7' € H-Autg(S), ;A and (7 A) are
equal to A as dimodules. The map ¢ : ;A — ;(;+A) given by ¢(a) = a, is an isomorphism in
Dys-s2™. So we have

(@7).[A]1 = [enA] = [(nA)] = 7.(# A) = 7.(1".[A]).

We have Id.[A] =[A], where Id is the identity element of H-Autr(S) and note that 7.[S] =
[S]1, Vtre H-Autgr(S). Therefore H-Autgr(S) acts by automorphism on BD(S, H).

(I
We conclude our paper by establishing an anti-isomorphism of groups between our Brauer-

Clifford-Long group BD(S,H) and the Brauer-Clifford-Long group studied in [32]. We give
detailed proof for a best understanding of this isomorphism.

2.7 Anti-isomorphism between BD(S,H) and BQ(S°?,H)

Let H be a Hopf algebra with a bijective antipode. For Hopf Yetter-Drinfel’d H-modules M and
N, there exist a Yetter-Drinfel’d H- module isomorphism y;w y from M&N to N®M defined by
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Y., ym&n)=nod®nim, forallmeM,neN (2.7.1)
with inverse )
Y, y(n®m)=Sg(n))mény, forallmeM,neN (2.7.2)

According to [18, (1.2.4)] and [17, (1.4)], (QH, ék’Y;MN’k) is a braided monoidal category where

9H is the category of Hopf Yetter Drinfel’d H-modules.
A Hopf Yetter Drinfel’d H-module algebra T is said to be H-commutative if:

tt' =ty(t.t), forallt,t'eT. (2.7.3)

Let H be commutative and cocommutative. Thus, the category of H-dimodules 2 and the
category of Hopf Yetter Drinfel’d H-modules 2% are equivalent.

Lemma 2.7.1. An H-dimodule algebra S is H-commutative if and only if its opposite S°P is
H-commutative as a Hopf Yetter-Drinfel’d H-module algebra.

Using the H-commutativity of S°P with the braiding of Hopf Yetter-Drinfel’d H-modules,
we can form the category of Hopf Yetter-Drinfel’d (S°?, H)-modules gop 2. According to [32],
we have a Brauer-Clifford-Long group BQ(S°?,H) of dyslectic Hopf Yetter-Drinfel’d (S°P, H)-
module Azumaya algebras.

Let M be an (S, H)-dimodule. Then M becomes a right S°?-module if we set:

m4s®=s—m, forallmeM,seS. (2.7.4)

Since S°P is an H-commutative Hopf Yetter Drinfel’d H-module algebra, according to the
relation (18) of [32], M becomes a left S°?-module:

s’»m=(Sg(s1)m)«sy, forallme M,s€eS. (2.7.5)

Using the relation (2.7.4), we obtain:

s°»m=sy—(Sg(s1)m), forallme M,seS. (2.7.6)

From now on, H is commutative and cocommutative and S is an H-commutative H-dimodule
algebra.

Lemma 2.7.2. Let M be an (S,H)-dimodule. Considering the actions defined above,

(1) M is an object of 2™ iffit is an object of g0 21,

(ii) M is a dyslectic object of s2H iffit is a dyslectic object of go» 2H.

Proof.
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(i) The proof uses formula (2.7.4), the commutativity of H and the dimodule condition.

(ii) Let M € Dys-s2*. For all m € M and s € S, we have from
(2.3.4): m —s=s9g — (Sg(sg)m), then

s’»m=sg—(Sgsy)ym)=m —s=(m1.8) =~ mo=my €«(m1.8)° =mo «(m1.5%),

that is M € Dys-gop 21 . Let M € Dys-go0 2 for all m € M,s € S, we have:

s—m=m 45’ =sy» (sym)=(s1m)g «((s1m)1.5) = ((s1m)1.50) — (s1M)0 = (51M) — S0,

this is the condition (2.3.3), then M € Dys-s2H.

O

Consider a dyslectic (S, H)-dimodule algebra A. Then A € gop 2. The opposite A°? of A is
equal to A as an object of g2 but equiped with the product a®b° = (ba)° for all a,b € A.

Lemma 2.7.3. (i) If A is a dyslectic (S,H)-dimodule algebra, then A°P is a dyslectic Hopf
Yetter Drinfel’d (S°P,H)-module algebra: the left action of S°P on A°P is defined by

s°»a’=(s°»a)°, forallacA,seS.
(1) If A is a dyslectic Hopf Yetter Drinfel’d (S°P,H)-module algebra, then A°P is a dyslectic
(S,H)-dimodule algebra: the left action of S on A°P is defined by

s—a’=(s—a)’, forallacA,seS.
Proof.

(i) For all a,b € A, we have:

a®(s®» b°%) =a’lsg — (Sg(s1).0)1°
=[(so — (SH(s1).b))al’
=[(b —s)al®
=[b(s —a)]°
=(s—a)’b®
=(a° €s2)b°,

that is, the multiplication in A°? is well-defined.

It is clear that the product in A°? is S°P-linear and compatible with the H-action and
the H-coaction. In addition, for all s€ S and a € A; we have:

s> a’=(so = (Su(s1).0))° =(a —s)° =((a1.5) — a0)’ = aj <(a1.5°)

Therefore A°P is a dyslectic Hopf Yetter Drinfel’d (S°?, H)-module algebra.
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(iz) We use the same method as in (7).
O

For every algebra A in Dys-s2H, we have A°P°P = A as algebras in Dys-gs2f. Similarly,
for every algebra A in Dys-go»r 2 we have A°P°P = A as algebras in D ys-go» 2.

To avoid all confusion, the product #g0» will be denoted by 1, that is for all A,B € D ys-gop 9H
we have:
(ahb)a'td') = aaph(a’.b)b’ Va,a'€ A, b,b'e€B. (2.7.7)

Lemma 2.74. (i) If A and B are dyslectic (S,H)-dimodules algebras, then (A#gB)°? =
B°PRA°P as dyslectic Hopf Yetter- Drinfel’d (S°P,H)-module algebras .

(1) If A and B are dyslectic Hopf Yetter Drinfel’d (S°P,H)-modules algebras, then (A§B)°P =
B°P#gA°P as dyslectic (S,H)-dimodule algebras .

Proof.

(i) A and B are dyslectic (S,H)-dimodules algebras. Consider the map 6 : (A#gB)°? —
BP°PHA°P by 6((a#b)°) = b°ha®. For all s € S we have:

Ol((a — s)#b)°] =0b°(a —s)°
=b%(so — (Su(s1).2))°
=b°4(s°» a®)
=(b° «s%)a’
=(s — b)°ha’
= 0[(a#(s — b))°], so 6 is well-defined.

6(s°» (a#b)’) =6l(so — (Su(s1)(a#b)))’]
=0l(so — [(SH(s1).a)¥(SH(s2).0)])°]
=0l([so — (SH(s1).a)#(SH(s2).0))°]
=(Su(s2).b)°blso — (SH(s1).0)]°
=(Su(s1).6%)(sg» a®)
=((Su(s1).6°) wspy)ta®
=(s°» b%)a’, from the relation (18) in [32]
=5°»(b%ha®)
=s°» 0((a#b)?), so 6 is left S°P-linear.
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O[h.(a#b)°]1 =06[(h.(a#b))°]
= 0l((h1.a)#(h2.b))°]
=(he.b)’f(h1.0)°
=(h1.0%h4(ho.a)
= h(b°fa®)
= hol(a#b)’], 6 is also H-linear.

Clearly 6 is H-linear and H-colinear. From that, § is a morphism of Hopf Yetter-Drinfel’d
(S°P,H)-modules. We also have:

Ol(a#b)°(c#d)°] =6l((c#d)(a#d))’]
=0[(c(a1.d)#aopb)’]
=(aob)’f(c(ai.d))’
= b"agh(al.d")c"
=(b%4a°)(d°hc®)
=0[(a#b)°161(c#d)°],

0 is an algebra map and it is obvious that it is an isomorphism.

(1) Let us consider A and B as dyslectic Hopf Yetter Drenfil’d (S°?,H)-module algebras.
Consider the
5" :(AhB)°P — B°P#gA°? by §'((ahb)°) = b°#a’

for alla € A,b € B. It is easy to show that §’ is well-defined and it is a homomorphism in
Dys-s2" . We'll just show that it is an algebra map. Let a,c € A and b,d € B:

6'l(alid)(chd)’] = 6'[((chd)(ahd))’]
=6"l(caol(a1.d)b)’]
=((a1.d)b)°#(cao)’
= (b"(al.d"))#a‘(’)co
= (b%#a’)(d°#c°)
=6'((ahd)*)d'((chd)?),

6’ is an algebra map and it is clearly an isomorphism.
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Let A be a dyslectic Hopf Yetter-Drinfel'd (S°?, H)-module algebra. We denote by A its
H-opposite algebra which is equal to A as dyslectic Hopf Yetter-Drinfel’d (S°?, H)-module but
with the multiplication given by:

a@b=0by(b1.a), foralla,be A.

Note that if A is an algebra in Dys-g2, then A’ and A% are isomorphic as dyslectic
Hopf Yetter-Drinfel'd (S°?, H)-module algebras.
Likewise, if A is an algebra in Dys-go» 2, then A°P? and A°P are isomorphic as algebras in
Dys-s2H.

Lemma 2.7.5. (i) If M is an object of Dys-sopQH which is faithfully projective as an S°P-
module, then Endgop(M)°P = Endg(M) as algebras in Dys-S@H.

(ii) If M is an object of Dys-s @™ which is faithfully projective as an S-module, then Endg(M)°P =
Endgor(M) as algebras in Dys-gop 2.

Proof.
S°P and S have the same elements, similarly for M € Dys-sope@H, Endgor(M)°? and Endg(M)
have the same elements and we know that

f(m «4s°)=f(m)—s

In fact we have:
(2.7.4)

£(m) «s° = f(m 4s°)?ZY f(s — ) Z216)

(f — s)(m).

By Femic in [23, Subsection 2.2], since @ys-s2* is a braided monoidal category, we deduce an
isomorphism of dyslectic (S, H)-dimodules Endg(M) = sEnd(M) in @ys-s2H, with M finitely
generated projective as a left and as a right S-module. Then

Ends(M)=gEnd(M) = (f —s)m)®Z" f(m) —s.

Therefore

2.7.4)

F(m) 4s° = F(m 45°) ®ZY p(s — m)(2.2:.16)

(f —)m) *E"? f(m) —s.

d

Proposition 2.7.6. (i) If A is a dyslectic (S,H)-dimodule Azumaya algebra, then A°? is a
dyslectic Hopf Yetter-Drindfel’d (S°?,H)-module Azumaya algebra.

(i) If A is a dyslectic Hopf Yetter-Drindfel’d (S°P,H)-module Azumaya algebra, then A°P is
a dyslectic (S, H)-dimodule Azumaya algebra.

Proof.
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@)

(i1)

Let A be an Azumaya algebra in Dys-s2*. Then the maps F : A#sA — Endg(A) and
G : A#gA — Endg(A) defined in Proposition 2.5.1 are isomorphisms of dyslectic (S, H)-
dimodules algebras. Let us consider the maps F°P : A°P hﬁ — Endgop(A°P) and G°P :
ﬁhA"p — Endgor(A°P) defined respectively by

FOP(a°b0)(c®) = a’cy(c1.6°) and G°P(a®b°)(c?) = agy(ay.c®)b®, for all a,b,c€ A.
We have:
[F(a#b)(e)]° = (a(b1.0)bo)’ = b(a(b1.¢)° = b§((b1.c°)a’) = G (b°ha’)(c”)
[G(a#b)(0)]° = ((c1.@)cob)’ = b°((c1.a)co)’ = bO(cg(c1.a)°) = BOci(c1.a) = FOP(b°ha®)(c”)

Since F and G are isomorphisms of dyslectic (S, H)-dimodules algebras, F°? and G°? are
isomorphisms of dyslectic Hopf Yetter-Drinfel’d (S°?, H)-modules algebras. Hence A°? is
an Azumaya algebra in Dys-go» 2.

Let A be an Azumaya algebra in D ys-gop 2 Then the maps
V:AbA — Endgon(A), (alhib)(c)— acolcy.b)

and
W:ALA — Endgor(4), (ahb)(c) — aolay.c)b,

for all a,b,c € A are isomorphisms of dyslectic Hopf Yetter-Drinfel’d (S°P, H)-modules
algebras see [32] .
Let’s consider the maps

VP A°P#A°P — Endg(A°P), (a®#b°)(c®)— a°(b1.c°)b}
and L L
WP : A°P#A°P — Endg(A°P), (a’#b°)(c’)— (c1.a°)c(b®,
for all a,b,c € A. We have:
[V(ahb)(©)]° = [aco(c1.b)]° = (c1.5%)ca® = WP (bO#a’)(c”)
and [W(@hb)(c)l° =laglai.c)b]l’ = b°(a1.c®)ad = VOP(b°#a°)(c®)

Since V and W are isomorphisms of dyslectic Hopf Yetter-Drinfel’d (S°?, H)-modules al-
gebras, V°P and W°P are isomorphisms of dyslectic (S, H)-dimodules algebras, that is,
A°P is an Azumaya algebra in Dys-s2.

O

Theorem 2.7.7. Let H be a Hopf algebra and S be an H-commutative H-dimodule algebra.
There is an anti-isomorphism of groups

x:BD(S,H)— BQ(S°?,H)  givenby  y(AD=][[A"]],

where [[A°P]] represents the class of A°P in BQ(S°?,H).
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Proof. Consider two dyslectic (S,H)-dimodules Azumaya algebras A and B which are
respectively represented in BD(S,H) by the classes [A] and [B]. It is clear that the map y is
well defined (Lemmas 2.7.4 and 2.7.5), and we have:

X([AL.[B]) = x([A#sB]) = [[(A#sB)°P]] = [[B°P4A°P]]| = [[B°?]] [[A°P]] = x [BIx [A].
So y is an anti-homomorphism of groups. Clearly, y is a bijection : its inverse is
11 :BQ(S°P’,H) — BD(S,H), [[A]l— [A°P],

where [[A]] represents the class of A in BQ(S°P,H). Therefore y is an anti-isomorphism of
groups.
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Abstract

For a commutative ring R and a commutative cocommutative Hopf algebra H finitely gener-
ated projective as an R-module, Tilborghs in [58], established an anti-isomorphism of groups
between the Brauer group BD(R,H) of H-dimodule and the Brauer BD(R,H*) of H*-dimodule
algebras, where H* is the linear dual of H. In this paper, we generalize this result by con-
structing an anti-isomorphism of groups between BD(S,H), the Brauer group of dyslectic
(S, H)-dimodule algebras and BD(S°?,H*), the Brauer group of dyslectic (S°?,H"*)-dimodule
algebras, where S is an H-commutative H-dimodule algebra and S°? is the opposite algebra
of S.

Introduction

In [32], Guédénon and Herman introduced a Brauer-Clifford group for the category of dyslec-
tic Hopf Yetter-Drinfel’d (S, H)-modules algebras BQ(S,H), where H is a Hopf algebra with
bijective antipode , and S a Hopf Yetter-Drinfel’'d module algebra which is H-commutative (or
quantum commutative). They used the notion of dyslectic in the aim to make braided, the
monoidal category (27 ,&g,7,S), where the braiding map

YMN:M&N —N&M isgivenby yyn(m®cn)=nod® (nim).

When H is commutative and cocommutative, a Hopf Yetter-Drinfel’d H-module becomes an
H-dimodule, from this we study in [33] the Brauer-Clifford group BD(S, H) of dyslectic (S, H)-
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dimodules algebras , where the braiding map making braided the monoidal category (s2%,&g,7',S),

Y}uN :M&sN — N®gM is given by yﬁw Nym&gn)=(min)®;mo,

and where the H-commutativity of S comes from y’. We have concluded our study by es-
tablishing an anti-isomorphism of groups between our Brauer group BD(S,H) of dyslectic
(S,H)-dimodules algebras and the Brauer group BQ(S°?,H) of dyslectic Hopf Yetter-Drinfel'd
(S°P, H)-modules algebras, where S°? is the natural opposite algebra of S.

The Brauer group BD(S, H) of dyslectic (S, H)-dimodule algebras is a generalization of the
Brauer group BD(R,H), constructed by Long in [40], of dimodule algebras for a commutative
ring R and a commutative and cocommutative, finitely generated projective Hopf algebra H
over R. If H is finitely generated projective, H* is also a Hopf algebra and H = H** as Hopf al-
gebras, and, Tilborghs established in [58], an anti-isomorphism of groups between the Brauer-
Long groups BD(R,H) and BD(R,H™). Our aim in this paper is to generalize this result to the
Brauer-Clifford-Long group BD(S, H) of the category of dyslectic (S, H)-dimodule algebras and
the Brauer-Clifford-Long group BD(S°?,H*) of the category of dyslectic (S°?,H™)-dimodule
algebras, where S is H-commutative as an H-dimodule algebra.

After recalling the basic notions and definitions of Hopf algebra in the first part, we show
in the second part that if S is H-commutative as an H-dimodule algebra, then its natural
opposite S°? is H*-commutative as an H*-dimodule algebra. Accordinding to [33] the category
Dys-gop@H" of dyslectic (S°P, H*)-dimodule algebras is a braided monoidal category and we
can condider its Brauer group BD(S°P ,H*). In the third part, we end our paper by establishing
an anti-isomorphism of group between BD(S,H) and BD(S°P,H*).

For more details on Hopf algebras and Brauer groups, we refer to the literature, see for
example [1], [14], [44], [56].

3.1 Preliminaries and notations

Let H be a Hopf algebra over a commutative ring R. We denote its comultiplication by A: H —
H®H, its antipode by Sy : H — H and its counit by € : H — R. We will use Sweedler-Heyneman
notation, omitting sums, so we write A(h)=h1® ho.

For a Hopf algebra with comultiplication A, A°? is defined by

A°P(h)=ho®h1.
A Hopf algebra H is said to be cocommutative if
h1 ®h2 =h2®h1,

for all A € H. We will require a sequence of definitions, all of which are standard. An R-algebra
A is an H-module algebra if A is a left H-module such that

h.(ab)=(hi.a)(ho.b) and h.14 =€(h)1y, foralla,beA,heH. (3.1.1)
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H acts trivially on A when h.a = e(h)a for all h € H and a € A. A homomorphism of H-module
algebras is a homomorphism of H-modules which is also a homomorphism of R-algebras. If
A is an H-module algebra, then the smash product algebra A#H is the R-module A ® H with
multiplication

(@oh)a' ®h')=[a(hi.a")]®(hah'), for all a,a’ € A and h,h' € H. (3.1.2)
An R-module M is a left A#H-module if it is a left A-module and a left H-module for which
h(am)=(h1.a)(hom), forall he H.a€ A and me M. (3.1.3)

We will write aug# for the category of left A#H-modules. It was observed in [31, Theorem
2.2] that if H is cocommutative and A is a commutative H-module algebra, then (4zpg 4 ,®4,A)
is a symmetric monoidal category.

If H is a Hopf algebra over R. An R-module M is a right H-comodule if there exists an R-linear
map p,, : M — M ® H satisfying the relations

(py®idg)op,, =(idy®AN)op, and (dy®e)op, =idy.
In Sweedler notation, we write
py(m)=moe®mq forallmeM,
and the right H-comodule conditions on M are
mop®mo1®m1=mo®mi1®mig=mo®mims (3.1.4)

and moe(m1)=m, for all me M.

H coacts trivially on M when mo®mi1 =mo® 1y, forall m € M. Let M and N be right H-
comodules. A homomorphism of right H-comodules (aka. a right H-colinear map) is an R-
linear map f : M — N such that py of =(f ®idg)op,,. In Sweedler notation, this is equivalent
to

f(m)y® f(m); = f(mg)®mq, for all me M. (3.1.5)

If M and N are right H-comodules, then M ® N is a right H-comodule under the codiagonal
coaction:
(men)y®(mon);=(my®ng)®(miny), meM,neN. (3.1.6)

An R-algebra A is an H-comodule algebra if A is a right H-comodule and the multiplication in
A satisfies

(ab)o ® (ab)1 = (a0b0)®(a1b1) and pA(lA) = lA ® ].H, for all a,b €A. (3.1.7)

A homomorphism of H-comodule algebras is a homomorphism of H-comodules which is also a
homomorphism of R-algebras.

Let A be a right H-comodule algebra. An R-module M is an (A, H)-Hopf module if M is both a
left A-module and a right H-comodule, with the property

(am)o®(am)1 =(agmg)®(aimq), forallace A, me M. (3.1.8)
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A homomorphism of (A, H)-Hopf modules is a left A-linear map which is also a right H-colinear
map. We will write 4.« for the category of (A, H)-Hopf modules. This category is dual to
AsgA. When H is commutative and A is a commutative H-comodule algebra, (4.4, 4,A)
is a symmetric monoidal category [31].

For a left H-module M, we denote by Ay : H® M — M the left H-action on M. An H-
dimodule is an R-module M which is also a left H-module and a right H-comodule such that
Py A=Ay ®idy)o(idy ® p,,), that is:

(hm)o®(hm); =(hmgy)®mq, foralhe Hme M. (3.1.9)

If M and N are H-dimodules, an R-linear map f : M — N is said to be an H-dimodule homo-
morphism if it is simultaneously an H-module homomorphism and an H-comodule homomor-
phism.

An H-dimodule algebra is an R-algebra which is an H-dimodule so that it is an H-module
algebra and an H-comodule algebra satisfying the relation (3.1.9). An H-dimodule algebra
homomorphism between two H-dimodule algebras A and B is an R-linear map A — B which
is simultaneously an H-dimodule homomorphism and an R-algebra homomorphism.

We denote the category of H-dimodules by 2. For H-dimodules M and N, the tensor product
M ® N has an H-module structure given by

h(meon)=(him)®(hon),forallme M,ne N, (3.1.10)
and an H-comodule structure given by
(men)y®(men);=(mo®nyg)®(miny), forallme M,ne N. (3.1.11)

These H-structures satisfy the compatibility condition (3.1.9) and make M ® N an H-dimodule,
denoted by M&N.

Let H be commutative and cocommutative. For H-dimodules M and N, there exists an H-
dimodule isomorphism y,, , from M&®N to N®M defined by (see [59])

)/M’N(mé)n) =(min)®myg, forallmeM,neN, (3.1.12)

with inverse is
Yy (n®m) =mo&Su(my)n), for allme M,neN. (3.1.13)

A monoidal category (€,®) is braided if there are natural isomorphisms y, y : M®N =N ®
M in €6 for all M,N € €, such that the hexagonal coherence conditions given in Definition
1.6.13 are satisfied, that is:

Ymenp = (YM,P ®1)o(1® YN,P)
and
Yunnep = (1e Ymp )o (YM,N ®1),

for all M,N,P€ €.
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The natural opposite algebra A°P of A is an isomorphic copy of A as an R-module with the
multiplication given by
a’b® =(ba)° foralla,beA. (8.1.14)

Let A be an H-dimodule algebra, the H-opposite A of A is an isomorphic copy of A as an
H-dimodule and the multiplication on A is defined by

ab =(a1.b)ay, foralla,beA. (38.1.15)

Let A be an H-dimodule algebra. The algebras A°? and A are H-dimodules algebras (see
[40]).

According to [59, EXAMPLE 3.11], (2 ’®R’YM,N,R) is a braided monoidal category. Note
that an H-dimodule algebra is just an algebra in the braided monoidal category 2.

From Long in [40], we can form the Brauer group of 2 denoted by BD(R, H).

From now on, H is commutative cocommutative and finitely generated projective as an R-
module. Let {hi,h;‘; i € I} be a finite dual basis of H as an R-module ( where I is a finite set of
index), that is,

12

VheH, h=Y(h',mh; and Vh*eH*, h*=Y (h* hi)h!

Refering to Long in [40] and Pareigis in [47], the dual H* of H is also a commutative and
cocommutative Hopf algebra finitely generated projective as an R-module: its comultiplication

A" :H"-(HeoH)*=H"®H" isgiven by

[A* (R R ®R) = (hy ®hiy A ®R') = B (R (h') = h* (hR');

itscounit ¢":H"—R, isgivenby &"(h*)=h"(1g),
and its antipode @ Sy+:H* — H*, isgivenby Spy+«(h*)=h*oSy, for h*eH"

Note that H** = H as Hopf algebras. Every H-dimodule M is an H*-dimodule: the left
H*-action aj,: H* ® M — M is given by:

ay(h*®@m)=h".m=moh*(my), forallh*eH",meM, (3.1.16)
and the right H*-comodule structure p,,: M — M ® H", is given by

pz,.,(m)=m(0)®mz‘1)=2him®hz‘, (3.1.17)
i

where (see [58, Proposition: 3,(2)]),

m(o)ma)(h) =hm foralheH,meM (3.1.18)
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Since R is a commutative ring, m(o)ma)(h) = mz‘l)(h)m(o) =hm.

The compatibility condition for M to be an H*-dimodule is given by

(h*.m)q) ® (h*.m)) = (h*.m@)®my, forallhe H,meM. (3.1.19)

Since H* is commutative and cocommutative, we can consider the category 2% of H*-
dimodules: the objects are the H*-dimodules and the morphisms are the H*-dimodule homo-
morphisms (the R-linear maps that are simultaneously left H*-linear and right H *-colinear).
We also have the Brauer group BD(R,H*) of H*-dimodule algebras. We recall that the braid-
ing map defining the Brauer group BD(R,H"), Y:/I,N :M&N — N®M (for M and N two H*-
dimodules) is given by

yL’N(mén)=(m2‘1).n)®m(0), (3.1.20)
with inverse y;{; :N®M — M&N defined by

¥ (ném)=m@Sk-(mf).n), forallmeM,neN. (3.1.21)

With the H*-dimodule structures defined above, according to Tilborghs in [58], if A is an
H-dimodule algebra, then it is also an H*-dimodule algebra and so is its opposite algebra
A°P. Also if A is an H-Azumaya H-dimodule algebra, its opposite A°P is an H*-Azumaya
H*-dimodule algebra.

By Tilborghs in [58], there is an anti-isomorphism of group between BD(R,H) and BD(R,H™)
mapping [A] to [A°P] where [A] represents the equivalence class of an H-Azumaya H-dimodule
algebra A. Our aim in this paper is to extend this result to the Brauer group of dyslectic (S, H)-
dimodules.

3.2 The category of (S°?,H*)-dimodules

Let S be an H-dimodule algebra. An (S,H)-dimodule M is a left S-module (we denote by —
the left S-action) and an H-dimodule satisfying the compatibility conditions (3.1.3) and (3.1.8).

Equivalently, M is a left S#H-module and a right Hopf (S, H)-module for which the relation
(2.1.9) is satisfied. An (R,H)-dimodule is just an H-dimodule. Furthermore, note that if S is
an H-dimodule algebra, then S is an (S,H)-dimodule : the left S-action is given by s — s’ =

ss’, foralls,s'€sS.

An (S,H)-dimodule homomorphism is an H-dimodule map which is also left S-linear. We
denote by 2, the category consisting of (S,H)dimodules and (S, H)-dimodules homomor-
phisms.

Let S be an H-module algebra. We say that S is H-commutative if

ss' =(s1.s")sg, foralls,s'eS. (3.2.1)
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If S is an H-commutative H-dimodule algebra, then for every left S-action on M € g2,
there is a corresponding right S-action denoted by — and defined by

m-—s=(m1.8) —my, forallse S,me M. (3.2.2)

With this S-action, M can be seen as an S-S-bimodule. The right and the left S-action are
related by
s—=m=mo—(Sg(mi).s), forallse S,me M. (3.2.3)

Note also that we have

h(m —s)=(him) — (ha.s) (3.2.4)

and
(m—s)®(m—s)1=(mog—sg)®(m1s1), forall he HmeM,seS. (3.2.5)

Let S be an H-commutative H-dimodule algebra. Then for M and N in 2%, we can endow
the tensor product M ®g N with the following S-action, H-action and H-coaction:

s—=(m&yn)=(s —m)&n, (3.2.6)
h(m&gn)=(h1m)&,(han) 3.2.7)
and (Mm®&gn)®(M&;n); =(mo®;ng)®(Mm1iny), (3.2.8)

forallhe H,se€ S,me M, and n € N. Note that we have

(mé&yn) —s=m&y(n—s), forallmeM,neN,seS. (3.2.9)

Throughout this section, H is a commutative and cocommutative Hopf algebra and S is an
H-commutative H-dimodule algebra.

Lemma 3.2.1. Let S be an H-commutative H-dimodule algebra. The opposite algebra S°P of S
is an H*-commutative H*-dimodule algebra.

Proof. For all s,t € S, we have,
s%% = (ts)° = [(¢1.8)t01° = (¢ 1.5%) = tgls(yy(£1).800,] = [£gs (1) (EDIs (o) = (5(7-£)s ()
st = (s(*l).to)s?o), then S°P is an H*-commutative H*-dimodule algebra.
O

Since S°P is an H*-commutative H*-dimodule algebra, we can form the category gor @ of
(S°P,H*)-dimodules: its morphisms are the left S°”-linear, H*-linear and H *-colinear maps.

Let M be a left (S, H)-dimodule. Then M becomes a left S°?-module when we set :

s°>m=m-—s forallmeM,seS. (3.2.10)
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Lemma 3.2.2. M is an (S, H)-dimodule if and only if it is an (S°P,H*)-dimodule.

Proof. Consider M an (S,H)-dimodule. By (3.2.10), M is a left S°”-module. Let iA* €
H*meMandseS,

h*.(s°>m) =h*.(m —3s)
=(m —s)oh™((m — $)1)
=(mo —soh*(mis1)
=(mo — so)h(}(m1)hy(s1)
= (moh ;) (m1)) — (soh g (s1))
= (hz‘l).m) — (h(*2).s)

= (h}y,9)° > (hiym)

= (hiy,5)> (hym).

Let me M,s € S; we have:

(s> m)) ®(s”>m)y = (m — s)) ® (m — )}, = (Mo — s0) ® (M151)" = (5,>m(0)) ® (s(m 7))

Then the H*-coaction and the S°P-action on M are compatible. We know that M is an H*-
dimodule.

Now, let M be an (S°P,H*)-dimodule. Clearly, M is a left S-module and an H-dimodule.
ForallmeM,seS and h € H, we have

h(s =m) =hlmo—(Sg(mi).s)]
= h[(Sg(m1).5)°>mol
=[h1.(Sa(m1).5)1° > (hamg)
=[SH(m1).(h1.8)1°> (hamg)
=(hgomo) — [Sg(m1).(h1.9)]
=(ham)o — [Sa((ham)1).(h1.5)]
=(h1.8) = (hgm)

(s—=m)&(s—m)1 =[mo—Su(mi).slo®lmo—Su(mi).sh
=[(Sg(m1).8)°>molo ® [(Sg(m1).8)°>mol1
=[(Sua(m1).sg)>mool ® (s1mo1)
=[moo — (Sg(mo1).s0)l®(s1m1)
=(sp ~mo)®(s1my)

Then M is an (S, H)-dimodule.
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Let M € goo@H". Since S°? is an H*-commutative H*-dimodule algebra, by (3.2.2), there is a
corresponding right S°P-action on M defined by:

m<ls°:(m(*1).s°)l> mey, forallmeM,seS. (3.2.11)

This allows us to view M as an S°?-S°P-bimodule. Note that the right S°”-action and the
right S-action on M are related by:

m<s®=(sym)—sg, forallmeM,seS. (3.2.12)
since we have:
m <s® = (m).8°)>mg) = (m})(s1).80)> mg) = 85> (m3y(s1)m0)) = 55> (s1m) = (s1m) — 80.
Note also that by (3.2.3), the left S°”-action and the right S°”-action on M are related by

s’>m =my <I(S;I(ma)).s°), forallmeM,seS. (3.2.13)

By (3.2.4) and (3.2.5) we have, forallme M,se S and h* e H*,

h*(m <s®) = (h(}).m)<(hy.s°) (3.2.14)
and (m <15%)g ® (m <s°)(}) = (m(0) <Is(y)) ® (M 1)8(7)) (3.2.15)

For all M and N in g»2™ , we can endow the tensor product M&gor N with the following
S°P.action, H*-module and H*-comodule structures:

s°>(m&,,n)=(s">m)&,,n, (3.2.16)
h* (Mg, n) = (hyym)®,p (i), (3.2.17)
and  (m&,, 1)) ® (MB,, )7y = (M(0)®g0p 1(0) ® (M 1)1(1); (3.2.18)

forallmeM,ne N,seS and h* € H*. We note that

(mé&_,,n)<s’=m&_,,(n<s°). (3.2.19)

SopP sop

With these structures defined above, M®gor N is an (S°P, H*)-dimodule.

According to [33], (sor 2™, & g0r,S°P) is a monoidal category.

Let M be an (S, H)-dimodule. M is said to be a dyslectic (S,H)-dimodule if

hyoYys©Ysy =hum,

where hys : S ® M — M denotes the left S-action on M. In other words, an object M of sPH is
dyslectic if and only if (see [33, (31) and (32)])
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s —m=[(s1m)1.50] = (s1m)o =(m1.50) — (s1m0), (3.2.20)

for s € S,m € M. According to [33], its equivalent right condition is

m—s=s9— (Sg(s1)m). (3.2.21)

A dyslectic (S, H)-dimodule homomorphism is an (S, H)-dimodule homomorphism between
dyslectic (S, H)-dimodules.

From Lemma 4.1 and Lemma 4.2 of [33], the fact that the conditions (3.2.20) and (3.2.21)
are satisfied induces a well-defined braiding map

Yuy :MOSN -~ N&sM; m&cn—(min)®;mo

with inverse
7/;411\7 :N&sM — M&gN; n®&;m— mo®,(Sg(mi)n),

which is also well-defined.

Dys-s2f denotes the category of dyslectic (S, H)-dimodules with (S, H)-dimodules homo-
morphisms, it is a full subcategory of 2. For M,N € Dys-s@2, by [33, Lemma 4.3], M&gN
is also in Dys-g@*, and by [33, Theorem 4.4], (Dys—S@H,és,S,)fM,N) is a braided monoidal
category.

Since S°? is H*-commutative, we can consider the category of dyslectic (S°?, H*)-dimodule
with (S°P, H*)-dimodule homomorphisms, it is a full subcategory of gor @ . It follows from [33,
Theorem 4.4] that (D ys-gor 2", & gop , S°P ,}/L,N) is a braided monoidal category. We recall that
)/;[,N is defined from M &gop N to N®gop M by

Y;’N(mésop n)= (m(*l).n)ésop mo)

for all objects M and N in Dys-goo 22X .

Lemma 3.2.3. i) M is a dyslectic (S,H)-dimodule if and only if M is a dyslectic (S°P,H*)-
dimodule.

i1) The two braiding maps arerelated by v,y =T, °Yn ,°Tyn, Where M,N € Dys-g2
and 7, is the flip map.

Proof.

i) Let M be an object of Dys-g@*. For all m € M,s € S, we have
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(3.2.2)
s°pm=m~—s =" (m1.s) — my

(3'2:'20) [m1.(mg.s9)] — (s1mp)

=[mg.(m1.50)] — (s1mo)
(3.1.18) % *
= " [m2.(s00)8 (1) (m 1) — [m(o0ym (o1, (s1)]

= [m2.(s00)M (o1)(81)] = [m(00)8 (1) (M 1)]

= [ma.(s0ym ;) (s01)] — [m(00)s 1, (m01)]

(3.1.16)
= [m2.(m .50 = (s(3ym0)

= [ml-(mz‘z)-s())] - (Sa)mo)

=[mo1.(mj).50)]1 = (s3ym00)

(2.1.9)
= [(3?1)m0)1~(ma)~80)] - (Sz‘l)mO)O

(3.2.2)
= (sz(l)mO) - (m(*l)-SO)

= (m3,.50)> (s(3,mo)

then M € Dys-gor 2™ . Now let M be an object of Dys-gop @™ . For everymeM,seS, we
have:

m-—s=s>m  =m) Sy (m).s%)
= (S;I(ma)).so)(o) > [S;{(S;I(mzkl))'so)(*l)m(o)]
=(Sg(m1).s()> (SH(s))m )
= [s{90)S 5 (m (1))(s01)1> [m.00)S £ (s ()M 01))]
= [s{o0ym 1y (SH(s @)™ [m 00 1) (S H(m(01)]
= [s050)8 (1) SHMOVII> [M00)m (1) (SH(S(01)]
=[Su(m1).sg1>[SH(s1)mo]
=[Su(m1).s01°>[SH(s1)mol
=[Su(s1)mol —[Su(m1).s0]
=(SH(s1)m)o — [Su((SHu(s1)m)1).50]
=50 —~ (Sg(s1)m)

We deduce that, (M € DyS—Sop@H*) >Me Dys—SQH).

ii) Let me M,ne N, then

yM,N(mésn) =(m1.n)& mo
= (no)n(1(m1)&,, mo
= n0)®g0p (1) (M1)M0)
= n(o)ésop(nz‘l)m)
=Ty n (M8 50, n(0))
=Ty 0V )8 g0p M)

= Ty OV yar O Ty M B0p 1)
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(]
Remark 3.2.4. Note that if M is a dyslectic (S,H)-dimodule, then
m<s’=s—m, forallmeM,seS. (3.2.22)
In fact,
<5 OE? (s1m) — 50 P2? (s1m)1.50) — (s1m) “=” (m1.50) = (s1m0) *E Vs —m. O

Proposition 3.2.5. We have an isomorphism of categories F : Dys-s@™ — Dys-gop @™ .

Proof. For all M € Dys-s2", we have (M) = M € Dys-gor 2" from Lemma 3.2.2 and
3.2.3. Let M,N € Dys-g2™ and f : M — N, a morphism of Dys-s2. We also have F(f)=f €
DyS-Sop@H*; since, for all se S,m € M;

f(s°>m) =f(m—s)
= f((m1.s) — myg)
=(m1.s) — f(myp)
=(f(m)1.s) — f(m)o
=f(m)~—s
=s°> f(m);

that is f is S°P-linear.
f(h*m) = f(moh*(m1)) = f(mo)h*(m1) = f(m)oh*(f(m)1)=h"f(m)

and

f(m)oy®f(m);, =Xihif(m)®h;
=¥, f(him) @
= f(m(()))®ma);

that is, f is left H*-linear and right H*-colinear.

The insverse functor of & is the functor ¢ : Dys-go0 22 — Dys-s2" such that, for all
MeDys-gov 2" ; 9(M)=M € Dys-s2".

3.3 Anti-isomorphism between BD(S,H) and BD(S°?,H")

In [33], we saw that Dys-gs2H = (Dys-g2',&g,8,7), the category of dyslectic (S, H)-dimodules
is a braided monoidal category and is an abelian full subcategory of g2 the category of (S, H)-
dimodules.
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Let us denote by Dys-g@H "¢ = (Dys-g@H v, &5, S,y™®") the reverse braided monoidal
category of Dys-g2: we have Dys-g2 7 = Dys-s?H as a category with the same unit
S, for two objects M,N € Dys-g@H7ev, M&S'N = N&sM, for two morphisms f and g in
Dys-g@HtTrev f&s g =g&sf, and the braiding ylr;fv is equal to yy .

All the results established in [33] leading to the definition of the Brauer group BD(S,H) =
Br(Dys-s2™) for the category Dys-s2™ are also valid for the category Dys-s2 "¢ and lead
to the Brauer group Br(D ys-s2™7¢) and we have:

Br(Dys-s2™7¢")= BD(S,H)°P. (3.3.1)

Now let’s consider the braided monoidal category Dys-gor 2, the category consisting of
dyslectic (S°P,H™)-dimodules and dyslectic (S°P,H*)-dimodule homomorphisms, that is, the
left S°P#H *-linear right H*-colinear maps. With this category, we obtain the Brauer group
denoted BD(S°P,H") of dyslectic (S°?,H*)-dimodule Azumaya algebras.

Let M and N be two objects of Dys-s2*. We define the map @, :S°P — F(S)=_8, it is the
unit and a family of maps

0,(M,N): F(M)&g0p F(N) = M&g0p N — F(MOS'N)=N®sM; m&gorn — n®gm.
Theorem 3.3.1. The functor
(F,90y,9,): Dys-s277 — Dys-gop @7
is an isomorphism of braided monoidal categories. Consequently
BD(S,H)°? =BD(S°?,H"),

as isomorphism of groups. This means that BD(S,H) and BD(S°P,H*) are anti-isomorphics
Brauer-Clifford-Long groups.

Proof. ForseS;meM andneN,

@, (M,N)(m <s°)&gopn) =¢,(M,N)(m<s°)&gorn)
=,(M,N)(s = m)®gopn)
=n®g(s —m)
=(n—s)®gm
=@, (M,N)m®&gop(n — s))
= @,(M,N)(m®gor(s°>n));

then ¢,(M,N) is well-defined.

@, (M,N)[s’°>(m®&gopn)] = @,(M,N)[(s°>m)®goprn]
=@, (M,N)[(m — s)®gorn]
=n®g(m —s)
=(n®gm)—s
=s’>(n®gm)
=5°>@,(M,N)(m®&gorn)
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@, (M,N)(h*(m&gorn)) = p,(M,N)(h]m)&sor(h3n))
=(hyn)®s(him)
= (hin)és(hgm)
=h*(n®gm)
=h*p,(M,N)m®goprn)

[, (M, N)m&sorn)l(0) ® [, (M,N)m&gern)It}, = (nsm)) ® (ndsm)y,,
=(n)®sm) ®(nm)
= (PZ(M,N)(m(O)@S"P n(o)) ® (ma)n(*l))
= 0,(M, N)(mgorn)o) ® (msorn)y,

that is, ¢,(M,N) is left S°P-linear, H*-linear and H *-colinear. It is clear that ¢,(M,N) is an
isomorphism. According to [37, Definition. X1.4.1], (%, ¢,,¢,) is a monoidal functor. Now let’s
show that the funtor (%, ¢, ¢,) preserves the braiding. This means that the following diagram
commutes

*

. Yun -

M@gop N N&®gor M
(PQ(M,N)L llﬂg(N,M)
N&sM — > M&gN
YNMTVy N

Let m € M and n € N, we have

[(pQ(N,M)oyL’N](méSopn) :(pZ(N,M)[(ma)n)ésopm(o)]
= m(o)és(m(*l)n)

(3.1.16) y
= m®s(nom;(n1))

= (m(o)ma)(nl))®sn0
(3.1.18) ;

= (nlm)®sn0

=Yy u(n®sm)

= YN,M[(pQ(MyN)(mésop n)]
= I:YN,M ° (pQ(M,N)](m@Sop n)
= [ye% 0, (M, N)(m&gorn)

@, (N,M )OY;},N = yl’;f;’v o@,(M,N) then the diagram commutes, that is & preserves the braid-

ing. It is clear that & : Dys-g@f7¢" — Dys-gop@*™" is an isomorphism of functors. Therefore
(Z,9,,9,) is a braided monoidal functor and we immediately have

Br(Dys-s2™7¢%)= BD(S°? , H*), (3.3.2)

as isomorphism of groups. Finally we have

.3. (3.3.2

)
BD(S°? H™)

3.3.1)
BD(S,H)°? Br(Dys-g@H7ev)
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O

Remark 3.3.2. In [33], we have shown that, for a commutative cocommutative Hopf alge-
bra H and an H-commutative H-dimodule algebra S, there is an anti-isomorphism of groups
BD(S,H)= BQ(S°?,H) mapping [Al to [[A°P]], where BQ(S°P ,H) is the Brauer group of dyslec-
tic Hopf Yetter-Drinfel’d (S°P,H)-module Azumaya algebras. Therefore if H is commutative and
cocommutative finitely generated projective Hopf algebra and S a H-commutative H-dimodule
algebra, we have BQ(S°P,H) = BD(S°? ,H*) as isomorphism of groups.

In many applications, H could be the group algebra RG of a finite abelian group G (for
example the cyclic group of order 2) or the set Maps(G,k) of all maps from G to k, where G is
a finite abelian group and k is a field.
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ROSENBERG-ZELINSKY EXACT SEQUENCE

{ Chapter 4

abstract

In this chapter, we generalize the Rosenberg-Zelinsky sequence to dyslectic Hopf Yetter-Drinfel’d
(S,H)-module Azumaya algebras which terms are the group of all H-inner (H-INNER) S-
algebra automorphisms of an algebra A € Dys-g 2 and the group of isomorphism classes of
invertible S-modules (invertible dyslectic Hopf Yetter-Drinfeld (S, H)-modules) under the ten-
sor product ®g denoted Pic(S) (P2H(S,H)). When H is a commutative cocommutative Hopf
algebra, the dyslectic (7', H)-dimodule version of the Rosenberg-Zelinsky exact sequence is also
given.

Introduction

Throughout the paper, R will denote a commutative ring with 1. All of the R-algebras and
R-modules we will consider here are symmetric R-R-bimodules. A right (left) R-module is
faithfully projective if it is finitely generated projective and faithfull as a right (left) R-module.
All unadorned tensor products and sets of module homomorphisms are intended to be over R
and will be specified if otherwise.

In their study to show that for any commutative ring R (here C = R) and for any simple
central R-algebra A, #(R) (the abelian group under the operation ® of isomorphism classes of
finitely generated, projective R-modules of rank one) contains a subgroup which is isomorphic
to a group of automorphisms modulo the inner ones in [51], Rosenberg and Zelinsky established
and proved that the sequence

1— AutA) % s®R) L g(4)—1

is an exact sequence, were A is a central simple R-algebra, Aut(A) denotes the abelian group of
automorphisms of A modulo the inner ones and _#(A) is the set of left A-isomorphism classes of
left A ® A°?-modules which are finitely generated and projective as R-modules. This sequence
is called in the literature the Rosenberg-Zelinsky exact sequence. Subsequently several ver-
sions of this sequence have been defined for other spaces for example [21, Theorem 3.1], [13],
[17, Proposition 3.5], [14, Theorem 13.6.1], [39, Section 4.1], [10]...

99



CHAPTER 4. ROSENBERG-ZELINSKY EXACT SEQUENCE 100

Let A be a Yetter-Drinfeld H-module algebra. Denote by H-Aut(A) the group of all Yetter-
Drinfeld H-module algebra automorphisms of A. An H-automorphism f of A is called H-
INNER if there exists an invertible element x € A such that f(a) = xax~ ! for all @ € A. The
subgroup of H-Aut(A) consisting of H-INNER automorphisms of A will be denoted by H-
INN(A). f € H-Aut(A) is called H-inner if there exist an invertible element x € A and a
grouplike element g € G(H) (the set of grouplike elements ot H) such that f(a) = x(g.a)x~! for
all a € A. Denote by PQ(R,H) the group of isomorphism classes of invertible Yetter-Drinfeld
H-modules under the tensor product and called the Picard group of the Hopf algebra H. For
an H-Azumaya algebra A, Caenepeel, Oystaeyen and Zhang [17, Proposition 3.5] give the gen-
eralized Rosenberg-Zelinsky exact sequence

1— H-INN(A)—H-Aut(A) > PQ(k, H)

where
O(f)=Ir={xeAl) xo(x1.0)=f(a), VxecA}

Now let H be a commutative cocommutative finitely generated and projective Hopf algebra
over R and A an H-Azumaya H-dimodule algebra. Let H-Aut(A) be the group of all H-linear,
H-colinear R-automorphisms of A. In [14, Theorem 13.6.1], Caenepeel established a Dimodule
version of the Rosenberg-Zelinsky exact sequence

1— H-INN(A)—H-Aut(A) -2~ PD(R,H)

and
1— H-Inn(A)—H-Aut(A) - Pic(R),

where H-Inn(A) is the group of inner automorphisms of A that is the set of elements a €
H-Aut(A) for which there exists an invertible u € A such that

a(x) = Z(xl‘u)xou_l, VxeA.

If the action and the coaction of H on u € A are all trivial, a € H-Inn(A) is called H-INNER
and H-INN(A) denotes the subgroup of H-Aut(A) consiting of H-INNER automorphisms of
A. Pic(R) denotes the group of isomorphism classes of invertible R-modules called the Picard
group of R and PD(R,H) the group of isomorphism classes of invertible H-dimodules algebras
under the tensor product ®, called the Picard group of H-dimodules algebras.

In this chapter, our first aim is to give a version of the Rosenberg-Zelinsky exact sequences
for the dyslectic Hopf Yetter-Drinfel'd (S,H)-module Azumaya algebras (where S is an H-
commutative Hopf Yetter-Drinfel’d H-module algebra, see [32]) and the dyslectic (S, H)-dimodule
Azumaya algebras ( where S is an H-commutative H-dimodule algebra and H a commutative,
cocommutative Hopf algebra, see [33]).

Our work is carried out according to the following plan: in the Section 4.1, we have given
the preliminary notions of Hopf algebras and recalled the results of [32] for the dyslectic Hopf
Yetter-Drinfel’d (S, H)-module adding some small results and ingredients which are useful for
the following sections. In the Section 4.2 we have established the Morita context for the cate-
gory Dys-g 2™ of the dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras, before

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



CHAPTER 4. ROSENBERG-ZELINSKY EXACT SEQUENCE 10 1

giving in Section 4.3 the main results of this paper, namely the Rosenberg-Zelinsky exact se-
quence for the category Dys-s 2H . If H is commutative and cocommutative Hopf algebra, then
Yetter-Drinfel’d H-modules become H-dimodules. Adopting the results of [33], taking into ac-
count to the braiding of H-dimodules in Section 4.4 to establish the sequence for the category
Dys-s@* of dyslectic (S, H)-dimodule Azumaya algebras.

4.1 Dyslectic Hopf Yetter-Drinfeld (S,H)-module al-
gebras

For background on Hopf algebras and coactions of Hopf algebras on rings, we refer the reader
to [66] and [44]. Let H be a Hopf R-algebra with comultiplication Ay : H — H ® H, antipode
Sy : H — H and counit e : H — R. We will use Sweedler-Heyneman notation but we will omit
the symbol } :

AH(h) = h1 ®h2, VheH.

We say that an R-algebra A is an H-module algebra if A is a left H-module such that
h.(ab)=(hi.a)he.b) and h.1l4=€eg(h)a, V a,beA,heH. (4.1.1)

A homomorphism of H-module algebras is a homomorphism of H-modules which is also a
homomorphism of R-algebras. H is said to act trivially on A when h.a =e¢g(h)a for all h e H
anda€A.

If S is an H-module algebra, then the smash product algebra S#H is the R-module S ® H
endowed with the product

(s®h)s'®h')=s(h1.s)®hoh' for all s,s' €S and h,h' € H. (4.1.2)
An R-module M is a left S#H-module if it is a left S-module and a left H-module for which
h.(sm)=(h1.8)(hom) (4.1.3)

forallhe H,s€S and m e M. If A is an H-module algebra and S is a sub-H-module algebra
of A, then the algebras A and S are left S#H-modules.

Let us denote by g#7.# the category of S#H-modules.

Let H be a Hopf algebra. An R-module M is a right H-comodule if there exists an R-linear
map py : M — M ® H satisfying

(om®id)opm =(idy®Ag)opy and (idy®eg)opy =idy.

We write pyr(m)=moo®my for me M.

By [44, Example 1.6.7] or [40, Proposition 2.2], if H = kG is a group algebra, then M is a
right H-comodule if and only if M is a left G-graded module.
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Let M and N be right H-comodules. A homomorphism of right H-comodules or a right
H-colinear map M — N is an R-linear map f : M — N such that pyof =(f ®idg)oppy; in
Sweedler’s notation, this is equivalent to

f(m)o® f(m)1 = f(mo)®my (4.1.4)

If M and N are right H-comodules, then M ® N is a right H-comodule under the codiagonal
coaction; that is,
pme®n)=(mo®ng)®(miny), VvmeM,neN (4.1.5)

If M is finitely generated projective as an R-module or if H is finitely generated projective
as an R-module, then we have a natural R-isomorphism Hom(M,N®H)= Hom(M,N)® H (see
[12, Proposition 2 or Proposition 4, Chapter 2]). Using this isomorphism, we define an R-linear
map

p:Hom(M,N)— Hom(M,N)®H; f— fo®f1
by
p(f)(m) = fo(m)® f1 = f(mo)o ® [SH' (m1)f (mo)1] (4.1.6)

defining a right H-comodule structure on Hom(M,N) if M is finitely generated and projec-
tive as an R-module or if H is finitely generated projective as an R-module.

In this paper, Hom(M,N) and M ® N (if M and N are right H-comodules that are finitely
generated projective as R-modules) will be considered as H-comodules with the H-coaction
defined above unless explicitly stated otherwise.

We say that an R-algebra A is an H-comodule algebra if A is a right H-comodule such that
plab) =(apbp)®(a1b1), and p(ly)=149®1y Va,beA. 4.1.7)

A homomorphism of H-comodule algebras is a homomorphism of H-comodules which is also a
homomorphism of R-algebras. The coaction of H on A is trivial when p(a) =a® 1y foralla € A.

Let S be a right H-comodule algebra. An R-module M is an (S, H)-Hopf module if M is a
left S-module and a right H-comodule such that

(sm)o®(sm)1 =(somo) ®(s1m1). (4.1.8)

A homomorphism of (S, H)-Hopf modules is a left S-linear right H-colinear map.

Definition 4.1.1. Let H be a Hopf algebra with bijective antipode. A left Yetter-Drinfeld H-
module M is an R-module with an H-action and an H-coaction such that the following compat-
ibility relation holds, for all me M and h € H;

p,,(hm) = (hm)o ® (hm)1 = (hamg) ® (hgm1S 5 (h1)) (4.1.9)
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Yetter-Drinfeld modules are sometimes called crossed modules, or Quantum Yang-Baxter
modules. If H is commutative and cocommutative , then the relation (4.1.9) becomes (2.1.9)
that is:

Py (hm)=(hmo)®m (4.1.10)

and we see that Yetter-Drinfeld modules generalize dimodules.

Definition 4.1.2. A Hopf Yetter-Drinfeld H-module algebra is an R-algebra which is a Hopf
Yetter-Drinfeld H-module so that it is a left H-module algebra and a right H°P-comodule alge-
bra satisfying the relation (4.1.9).

A Hopf Yetter-Drinfeld H-module homomorphism between two Hopf Yetter-Drinfeld H-
modules M and N is an R-linear homomorphism M — N which is simultaneously an H-module
homomorphism and an H°P-comodule homomorphism. A Hopf Yetter-Drinfeld H-module alge-
bra homomorphism between two Hopf Yetter-Drinfeld H-module algebras A and B is an R-
linear map A — B which is simultaneously a Hopf Yetter-Drinfeld H-module homomorphism
and an R-algebra homomorphism. If H is commutative and cocommutative, then a Yetter-
Drinfeld module algebra is nothing else then an H-dimodule algebra.

The tensor product of two Yetter-Drinfeld modules M and N is again a Yetter-Drinfeld
module. The H-action on M ® N is the diagonal action

h(men)=(him)® (hon), (4.1.11)

for all h e Hom € M,n € N, and the H-coaction is given by the codiagonal coaction (formula
(4.1.5)). The category of Yetter-Drinfeld H-modules and H-linear H°?-colinear maps is denoted
by 2H.

In the sense of Maclane (see [42]), the category (27, ®,R) is a monoidal category.

The monoidal category (¥,®) is braided if for all M,N and P € € there exists a natural
isomorphism y,, y : M ® N — N ® M such that the following conditions are satistafied (see [44,
p.198D)

Yusrn = Vap ®Iy)oUy ®yy )  and vy yep = Uy @Yy p) oy, ©1,).
For all objects M and N in 2% the map
Tun "MeN->NoM; m®n—ng®(nim),

Vm € M,n € N, is an isomorphism in 2# for which the inverse Y;qlzv from NeM to M®N, is
given by
yljliv(n ®@m)=(Su(n1)m)®no.

By [18] and [17], (27 ,®,R ) is a braided monoidal category.

»YuN

Definition 4.1.3. Let S be a Hopf Yetter-Drinfeld H-module algebra. A Hopf Yetter-Drinfeld
(S,H)-module is an S-module and a Hopf Yetter-Drinfeld H-module M such that the H-action
and the H-coaction commute with the S-action, or equivalently, M is a left S#H-module and a
right (S, H°P)-Hopf module (with the same S-action) for which the relation (4.1.9) is satisfied.
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If S is a Hopf Yetter-Drinfeld H-module algebra, then S is a Hopf Yetter-Drinfeld (S, H)-
module. A Hopf Yetter-Drinfeld (R, H)-module is just a Hopf Yetter-Drinfeld H-module.

A Hopf Yetter-Drinfeld (S, H)-module map between two Hopf Yetter-Drinfeld (S, H)-modules
M and N is an S-linear homomorphism M — N which is also a Hopf Yetter-Drinfeld H-module
map. We denote by g 2% the category of Hopf Yetter-Drinfeld (S, H)-modules: its morphisms
are the Hopf Yetter-Drinfeld (S, H)-module maps.

Definition 4.1.4. A Hopf Yetter-Drinfeld H-module algebra S is said to be H-commutative (or
quantum commutative) if
st =to(t1.8), Vs,t€Ss. (4.1.12)

If S is defined as above, we can define the corresponding right S-action and the left S-action
on M € g2H by
ms =sg(s1m) (4.1.13)

and
sm =(Sg(s1)m)sg, (4.1.14)

for all m e M,s € S. From this, M becomes an S-S-bimodule.

If S is an H-commutative Yetter-Drinfeld H-module algebra, the left H-action and the right
S-action on M are compatible, that is

h(ms)=(him)(he.s), VheHmeM,seS (4.1.15)
and the right H-coaction is also compatible with the right S-action on M, that is,
(ms)o®(ms)1 =(mosg)®(s1m1) VmeM,seS. (4.1.16)

Let S be an H-commutative Hopf Yetter-Drinfeld H-module algebra and ®g denotes tensor
product over S. If M and N are objects of 2%, then, so is M ®g N (see [17]) where the left
S-action, the left H-action and the right H-coaction on M ®g N are given by the formulas

s(m®gn)=(sm)®gn, (4.1.17)
h(megn)=(him)®g(han) (4.1.18)
(mogn)y®(megn); =(mog®sng)®(nimi) (4.1.19)

for all se S,he Hym e M and n € N. The corresponding right S-action on M ®g N is given by
(mogn)s=m®g(ns). (4.1.20)

According to [18] the category (2, ®g,S) is a monoidal category.

Let S be an H-commutative Hopf Yetter-Drinfeld H-module algebra and M and N two
Hopf Yetter-Drinfeld (S, H)-modules, in this part Homg(M,N) is the set of right S-linear maps
from M to N and sHom(M,N) the set of left S-linear maps. According to [32, Lemma 2.1]
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Homg(M,N) is a left S#H-module, where the left S-action and H-action are respectively given
by

(sf)m)=sf(m) (4.1.21)
and

(h.f)m)=hilf(Su(hg)m)] (4.1.22)

forallse S, meM,ne N,he H and f € Homg(M,N). If M is finitely generated projective
as a right S-module, then Homg(M,N) is a Hopf Yetter-Drinfeld (S, H)-module where the
H-coaction is defined by formula (4.1.6). By [32, Lemma 2.3], we have an isomorphism of
R-modules
ssrrHom™™" (M ®g N,P)= gygpHom™ " (M,Homg(N,P)).

Similarly, from [32, Lemma 2.2] sHom(M,N) is a left S#H-module where the left S-action and
H-action are respectively given by

(sf)im)=f(ms) (4.1.23)

and
(h.f)m) = hal f (S (h1)m)] (4.1.24)

forallseS,;meM,ne N,he H and f € gHom(M,N). If M is finitely generated and projec-
tive as a right S-module, then gHom(M,N) is a Hopf Yetter-Drinfeld (S, H)-module where the
H-coaction is defined by

f(m)o® f1=f(molo ®[f(mo)1Sa(m1)l. (4.1.25)
By [32, Lemma 2.4], we have an isomorphism of R-module

ssgHom™” (M ®5 N,P) = gugHom™” (M,sHom(N, P)).

We deduce from [32, Lemma 2.3], that if P finitely generated and projective as a right
S-module, then

Homg(P,s): sQH — ¢oH
e®gP: SQH—>32H

is a pair of adjoint functors.

Similarly, we deduce from [32, Lemma 2.4], that if P finitely generated and projective as a
left S-module, then

sHom(P,e): 32" — qoH
Poge: g2 — oH

is pair of adjoint functors.
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Definition 4.1.5. A dyslectic Hopf Yetter-Drinfeld (S,H)-module M is a Hopf Yetter-Drinfeld
(S, H)-module such that AMOY 4 5°Ys = AMs where ayr denotes the left S-action on M. In other
words, M is dyslectic if

sm=mo(mi.s), VmeM,seS, (4.1.26)

its right equivalent condition is
ms=(Sg(mi).s)mg (4.1.27)

Note that S is a dyslectic Hopf Yetter-Drinfeld (S, H)-module, and every Hopf YetterDrin-
feld H-module can be regarded as a dyslectic Hopf Yetter-Drinfeld (R,H)-module. A Hopf
Yetter-Drinfeld (S, H)-module homomorphism between dyslectic Hopf Yetter-Drinfeld (S, H)-
modules is called dyslectic Hopf Yetter-Drinfeld (S,H)-module homomorphism. The category
of dyslectic Hopf Yetter-Drinfeld (S,H)-modules with dyslectic Hopf Yetter-Drinfeld (S, H)-
modules homomorphisms is denoted by Dys-g 2. It is a full subcategory of g 2.

According to [32, Lemma 3.4] for M and N two dyslectic Hopf Yetter-Drinfeld (S, H)-modules,
M ®g N is a dyslectic Hopf Yetter-Drinfeld (S, H)-module. It follows that, (D ys-sQH ,®5,8,7)
is a braided monoidal category.

For M and N two dyslectic Hopf Yetter-Drinfeld (S, H)-modules, if M is finitely generated
and projective as a right S-module, by [32, Lemma 3.5], Homg(M,N) and sHom(M,N) are
dyslectic Hopf Yetter-Drinfeld (S, H)-modules. Therefore, the functors

Homg(P,e): Dys-g2" — Dys-g2H sHom(P,e): Dys-s2H — Dys-g2H
and
e®gP:Dys-s2H — Dys-g21 P®ge:Dys-s2H — Dys-g2H

are two pairs of adjoint functors (where P is finitely generated projective as a right S-
module).

Since the category D ys-g 2 is braided, for two dyslectic Hopf Yetter-Drinfeld (S, H)-modules
P and @, the map

¢:Homg(P,Q)— sHom(P,Q) by &(f)(p)=fol(fip),

where P is finitetely generated projective as right S-module, is an isomorphism of dyslectic
Hopf Yetter-Drinfeld (S, H)-modules (see [32]).

A dyslectic Hopf Yetter-Drinfeld (S,H)-module algebra is an algebra in the braided monoidal
category Dys-s 2. A dyslectic Hopf Yetter Drinfeld (S,H)-module algebra homomorphism is
a dyslectic Hopf Yetter-Drinfeld (S, H)-module homomorphism which is compatible with the
product and is a unitary algebra homomorphism. By [32, Lemma 4.1 and 4.2], if M is a dyslec-
tic Hopf Yetter-Drinfeld (S, H)-module that is finitely generated projective as a right (left) S-
module, Endg(M) (sEnd(M)) is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra.
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Let A be a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra. The H-opposite algebra
A of A ([59, page 100]) is defined as follows: A = A as a dyslectic Hopf Yetter-Drinfeld (S, H)-
module, but with multiplication m 4 oy, where m 4 is the multiplication of A. In other words,

a.a = ay(a).a), Va,a' €A. (4.1.28)

Note that the action of S on A is defined by s.d = 5a, the H-action and the H-coaction are respec-
tively h.a = h.a and (@) ®(@)1 =ag®ai. If the action of H or the coaction of H is trivial, then
A = A°P  the opposite algebra of A. Note that S = S: which means that S is H-commutative
(or quantum commutative) as an algebra in the category Dys-g 2% .

Lemma 4.1.6. Suppose that A is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra. Then

1) A°P is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra: the S-action is defined by
s.a® =(s.a)°, the H-action is defined by h.a® = (h.a)° and the H-coaction is defined by

(@®)o®(a®)1 =(ap)’®ay

ii) A is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra (see [32, Lemma 4.3)).

If M is an S-module, we set Homg(M,S) = M* the right dual of M. It is a dyslectic Hopf
Yetter-Drinfeld (S, H)-module.

A dyslectic Hopf Yetter-Drinfeld (S, H)-module is right faithfully projective if it is finitely
generated projective as a right S-module and the canonical map

v:Homg(P,S)&,,, » P —S; fép— f(p)

is an isomorphism.

We define in a similar way a left faithfully projective dyslectic Hopf Yetter-Drinfeld (S, H)-
module. A dyslectic Hopf Yetter-Drinfeld (S, H)-module is said to be faithfully projective if it is
right and left faithfully projective.

Since Pys-s 2 is a braided monoidal category, by [23], a dyslectic Hopf Yetter-Drinfeld
(S,H)-module is right faithfully projective if and only if it is left faithfully projective. So a
dyslectic Hopf Yetter-Drinfeld (S, H)-module is faithfully projective if it is right faithfully pro-
jective or left faithfully projective.

If A and B are dyslectic Hopf Yetter-Drinfeld (S,H)-module algebras, we define a new
multiplication in A ®g B by

(AegB)og(AogB) 2 (Aeg A)og (BogB) ™2™ A ggB.

In other words,

(a®b)a' ®b')=(aay) ®(a}.b)b', VYa,a'€A and Vb,b’ €B. (4.1.29)
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This new multiplication on A ®g B is called the braided product. The dyslectic Hopf Yetter-
Drinfeld (S, H)-modules A®gB with the braided product is usually denoted A®,B. It is denoted
A#,B in [16] and called generalized smash product. We will denote it by A#gB in this paper.
For more details and results about this product, we refer to [32].

Let A be a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra which is faithfully projec-
tive as an S-module. We define the S-linear maps

F:A#gA — Endg(A) givenby (a#b)(c)=aco(c1.b)

G:A#gA — Endg(A)= gEnd(A) givenby (a#b)(c)=ao(ai.c)b,

for all a,b,c € A. According to [32, Proposition 5.1], the maps F and G are dyslectic Hopf Yetter-
Drinfeld (S, H)-module homomorphisms.

Definition 4.1.7. Let A be a dyslectic Hopf Yetter-Drinfeld (S,H)-module algebra which is
faithfully projective as an S-module. We say that A is an Azumaya algebra in the category
Dys-s2H if A is faithfully projective as an S-module, and the S-linear maps F and G are
isomorphisms of dyslectic Hopf Yetter-Drinfeld (S, H)-module algebras.

An Azumaya algebra in Dys-g2H will be called a dyslectic Hopf Yetter-Drinfeld (S, H)-
module Azumaya algebra. If the H-coaction is trivial in Definition 4.1.7, then A is just an
(S,H)-algebra which is faithfully projective as an S-module, such that the natural map A ®g
A°P — Endg(A) is an isomorphism of (S, H)-algebras and S is commutative. So A is an (S, H)-
Azumaya algebra. In the same way, if the H-action is trivial in Definition 4.1.7, then A is
just an (S, H)-algebra which is faithfully projective as an S-module, such that the natural map
A®5A°? — Endg(A) is an isomorphism of (S, H)-Hopf algebras and S is commutative. So A is
an (S, H)-Hopf Azumaya algebra.

4.2 Morita theory for dyslectic Hopf Yetter-Drinfeld
(S, H)-modules

Throughout this section, H is a Hopf algebra with bijective antipode and S is an H-commutative
dyslectic Hopf Yetter-Drinfeld H-module.

Definition 4.2.1. Let A and B be dyslectic Hopf Yetter-Drinfeld (S,H)-module Azumaya al-
gebras. A dyslectic Hopf Yetter-Drinfeld (A-B,H)-bimodule is an object of Dys-s2H which is
an (A-B)-bimodule such that the bimodule map A ®s M ®g B — M is compatible with the left
H-action and the right H-coaction, that is, for alla € A,b € B,h € H and m € M we have;

h(amb) =(h1.a)(ham)(h3.b) (4.2.1)

and
(amb)0®(amb)1 :(a0m0b0)®(a1m1b1). 4.2.2)
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A dyslectic Hopf Yetter-Drinfeld (S-S, H)-bimodule is just a dyslectic Hopf Yetter-Drinfeld
(S,H)-module. An homomorphism of dyslectic Hopf Yetter-Drinfeld (A-B,H)-bimodule is a
dyslectic Hopf Yetter-Drinfeld (S, H)-module homomorphism which is (A-B)-bilinear (that is,
which is simultaniously left A-linear and right B-linear).

We denote by Dys- AQg the category of dyslectic Hopf Yetter-Drinfeld (A-B, H)-bimodule
and dyslectic Hopf Yetter-Drinfeld (A-B, H)-bimodule homomorphisms.

According to [59], a dyslectic Hopf Yetter-Drinfeld (A-B, H)-bimodule is an (A-B)-bimodule
in Dys-g 2 . A dyslectic Hopf Yetter-Drinfeld (A-S, H)-bimodule is a left A-module in D ys-g 2.
Similarly, a dyslectic Hopf Yetter-Drinfeld (S-A, H)-module is a right A-module in Dys-g 2.
So a dyslectic Hopf Yetter-Drenfil'd (S-S, H)-bimodule is a left and right S-module in D ys-g 2H.

A Hopf Yetter-Drinfel’d (A-S, H)-bimodule will be called left Yetter-Drinfel’d (A, H)-bimodule,
likewise, a Hopf Yetter-Drinfel’'d (S-A, H)-bimodule will be called right Yetter-Drinfel’d (A, H)-
bimodule.

Consider two dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras A and B.

Lemma 4.2.2. Let P be a dyslectic Hopf Yetter-Drinfel’d (A-B,H)-bimodule and @ a dyslectic
Hopf Yetter-Drinfeld (B-A,H)-bimodule. Then

1) P®pQ is a Hopf Yetter-Drinfeld (A-A,H)-bimodule,
i1) @ ®4 P is a Hopf Yetter-Drinfeld (B-B,H)-bimodule,
iii) e if P is a Hopf Yetter-Drinfeld (A-B,H)-bimodule finitely generated projective as a
right B-module, then Homp(P,B) is a Hopf Yetter-Drinfeld (B-A,H)-bimodule.
Moreover, Endp(P) is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra.

e if P is a Hopf Yetter-Drinfeld (A-B,H)-bimodule finitely generated projective as a
left A-module, then pAHom(P,A) is a Hopf Yetter-Drinfeld (B-A,H)-bimodule.

Moreover, AEnd(P) is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra.

iv) e if @ is a Hopf Yetter-Drinfeld (B-A,H)-module finitely generated projective as a
right A-module , then Hom A(Q,A) is a Hopf Yetter-Drinfeld (A-B,H)-bimodules.
Moreover, End A (Q) is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra.

¢ if @ is a Hopf Yetter-Drinfeld (B-A, H)-module finitely generated projective as a left
B-module, then gHom(Q,B) is a Hopf Yetter-Drinfeld (A-B,H)-bimodule.

Moreover, pEnd(Q) is a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra.
Proof.
i) Leta,a’€Aand p®,qePpQ,

(aa')(p®,q)=((aa')p)®, q=(al@'p)) &, qg=al@'p)®, q)=ala'(p®,q)),
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(p®,q)a'a)=p®,(qla'a)=pe,(ga)a)=(p&,(ga)a=(pe&,qa)a,
(a(p®, @)a’ =((ap)®, @)a’ =(ap)®,(ga’)=a(p ®,(ga’)) = al(p ®, q)a’)
la(peyq)=(1ap)®zq=p®yqand (p®,q)la=p®y(qla)=p®;q,
then P ®p @ is an (A-A)-bimodule. We have:

(Pe; )o@ A(p®,q)1) =(Po®;q0)®A(g1p1)
=(po®;q0)®(q1p1)1®(q1p1)2
=(po®zq0)®(q11r11)®(q12P12)
=(p0oo®5 q00)®(qo1p01)®(q1P1)
=(P0®zq0)0®(Po®; P0)1®(q1p1)
=p(po®; q0)®(q1p1)
=p((p®, q)o)®(p®, g

(P®yqlo®el(p®; q)1) =(po®; qo)e(q1p1) = poe(p1)®; qe(q1) =p®, q,
that is P ®p @ is a right H-comodule. Let A € H, then:

plh(p®, @)l =pl(h1p)®,(haq)]
=[(h1p) &g (ha@)lo ® [(h1p) ®4 (h2q)l1

=(h1p)o ®; (h2q)o ® (h2g)1(h1p)

“22 (h12p0) @, (ha2q0) @ (ho3q1S 5 (ha1))h13p1S5 (h11))

= (h2p0) ®; (h5q0) 8 (heq1SH (h))h3p1SH (h1))
=(h2po) ®, (haqo) ® (h5q1)(SI}1(h32)h31p 131}1(h1))
=(h2po) ®, (h4fI0)®(h5Q1)(£(h3)1Hp13;Il(h1))

= (h2e(h3)po) ®; (haqo) ® (hsq1)(1gp1Sy (h1))

= (h21(h22)p0) 85 (h3q0) ® (h4q1)(1up1S (h1)

= (h2p0) ®5 (h3q0) ® (h4q1)(1ap1SE (h1)

= (h21P0) ®; (h22q0) ® (h3q1)(p1S 5 (h1))

= h2(po®5 q0) ® h3(q1p1)SE (h1)

=ha(p®, q)o®hs(p®, q)1S5 (h1)

The relation (4.1.9) is satisfied for P ®g @, that is, it is a Hopf Yetter-Drinfel’d H-module.
By [32, Lemma 3.4], P ®pQ is an object of Dys-g 2 therefore P®pQ € AQ{Z

i1) Same way as the proof of item 7).

iii) e Let us consider f € Hompg(P,B), a,a’ € A b,b' € B and p € P. The left B-action and
the right A-action on Hompg(P,B) are respectively given by

(bf)p)=bf(p) and (fa)(p) = f(ap).

From this we have:

[(6b")f1(p) = (bd")f (p) = bIb'f(p)] = bI('F)(P)] = [b(b' HI(p) and (1zf)p) = 1Bf(p) = (D),
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[f(aa)I(p) = f((aa")p) = f(ala’p)) = (fa)a'p) = [(fa)a'l(p) and (f14)(p) = f(1ap) = f(p).
The compatibility between the left B-action and the right A-action is:

[b(fa)l(p) =b(fa)p)=(bf)pla=L[(bf)al(p).
Now let s€ S and f € Hompg(P,B). For p € P, we have:

(sf)pbd) =sf(pd) =s(f(p)b) =(sf(P)b = ((sf)p)D,

sf is right B-linear that is (sf) € Homp(P,B) (in other words, we recall that the left
S-action on Hompg(P,B) is well-defined). Let A € H, the left H-action on Hompg(P,B) is
given by (h.f) = h1[f(Sg(hg)p)]. This action is well-defined since, for all b € B,

(h.f)pb) =hilf(SHa(h2)(pb))]
=h1lfl(Sg(h2)1p)SH(h2)2.b)]]
= h1lf[(Sua(h22)p)(SH(h21).b)]]
= h1lf(Sua(h3)p)SH(h2).b)]
=[h11f(SH(h3)P)I[h12(SH(h2).D)]
=[h1f(SHa(h)P)I[h2(SH(R3).b)]
=[h1f(Sua(h3)p)(h12SH(h22)).b]
=[h1f(Sg(h3)p)(e(h2)1g).b]
=[h1f(Su((e(h2)h3)p)l[1y.b]
=[h1f(Su(h2)p)]b
=[(h.f)(p)]b

thatis, hA.f € Hompg(P,B). Now let us verify that the right H-coaction on Hompg(P,B) is
well-defined:

“L9 £ (pb)0)o ® SFH(PBIDF(PDIO:

= f(poboo® S5 (b1p1)f (Pobo)

= f(p0)oboo ® S5 (p 1S (b 1bo1f (P
= f(p0)obo ® S5 (p1)SH (b12)b11f (P01
= f(po)obo® S (p1)e(d1)f (po)1

= f(p0)oboe(b1) 8 S (p1)f (po)1

= f(po)ob ® S (p1)f (P

= fo(p)b ® f1.

fo(pb)o® f1

This means that fo € Homp(P,B). According to [32, Lemma 2.1 and Lemma 3.5 (i)],
Hompg(P,B) is an object onys-s.QH. We deduce from [32, Lemma 4.1] that Endg(P) is
an algebra in Dys-g2H.

o Let fe sAHom(P,A), be B, a€ A and p € P. The left B-action and the right A-
action on s Hom(P,A) are respectively given by:

(bf)p)=f(pb) and (fa)(p) = f(p)a.
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For all a,a’ € A and b,b’ € B we have:
[(bB")f1(p) = fIp(bBN] = fl(pb)b'1= (b'F)(pb) = [b(b' f)(p) and (15f)(p) = f(plB) = f(p)

[f(aa))(p) = f(p)aa') = (f(p)a)a’ = (fa)pla' =[(fa)a'I(p) and (F14)(p) = f(p)1a = f(p)

and

[6(fa)l(p) =(fa)(pb) = f(pb)a =(bf)p)a =[(bf)al(p),

that is, the left B-action and the right A-action on 4 Hom(P,A) are compatible. Let s€ S
and f € sHom(P,A);

(sf)ap)=fap)s)=fla(ps)) =af(ps)=a(sf)(p),
then sf is left A-linear. Foralla€ A, h€ H, p € P; we have:

(h.fap)  “E haf(SEh1)ap)

= hafI(SE (h1)1.0) S5 (h1)2p)]

= hafl(S5 (h12).a) (S (R11)p)]

= h3fL(S5 (he).a)S (h1)p)]

= h3l(S7' (h2).a)f(SH(R1)p)]

=[h31(S5 (h2).a)llh3a f (S5 (h1)p)]
= [(h22S ;7 (ha1)).allhsf (SHH(R1)p)]
=[(e(ho)1g).allhsf (S5 (h1)p)]

= ale(h)hsf(Sg'(h1)p)]
=alhaf(Sg'(h1)p)]

=al(h.f)(p)]

Therefore we have h.f € sHom(P,A). Let a € A and p € P we have:

foap)efi  “E fap)o) ® FUap)o)1Sul(ap)y)

=f(aopo)o® f(aopo)1Su(piai)
=a0of(P0o)o® f(po)iao1Su(a1)Su(p1)
=aof(po)o® f(po)ia11SH(a12)SH(p1)
=aof(po)o®f(po)iel@)Su(p1)
=aoela)f(Po)o® f(po)1SH(P1)
=afo(p)®f1,

so fo is left A-linear, then the right H-coaction on 4 Hom(P,A) is well-defined. Similarly

way, according to [32, Lemma 2.2 and Lemma 3.5 (ii)], 4Hom(P,A) is an object of Dys-
s2 From [32, Lemma 4.2], we deduce that 4 End(P) is an algebra in Dys-g 27

iv) Same way as the proof of item iii).
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Definition 4.2.3. A Hopf Yetter-Drinfeld (A-B,H)-bimodule which is simultaneously faithfully
projective as a left A-module and faithfully projective as a right B-module will be called a
Hopf Yetter-Drinfeld (A-B,H)-bimodule faithfully projective as an (A-B)-bimodule. So a Hopf
Yetter-Drinfeld (S-S,H)-bimodule faithfully projective is just a dyslectic Hopf Yetter-Drinfeld
(S,H)-module faithfully projective.

For the following definition, we refer to [14, page 317] where S = R and to [59]:

Definition 4.2.4. A Morita context in the braided monoidal category (Dys-s2H ©g,S,y)
is a sextuple (A,B,P,Q,f,g) consisting of algebras A,B € Dys-sQH, an (A-B)-bimodule P €
Dys-A2H o (B-A)-bimodule Q € Dys-BQ‘Ig and bilinear morphisms f : P®gQ — A and g :
Q ®4 P — B such that

f(peq)p'=pglgep’)and glgep)g'=qf(p®q"), Vp,p'€P, q,94'€q.
The Morita context {A,B,P,Q,f,g} is strict, if f and g are isomorphisms in D ys-sQH .
Theorem 4.2.5. Let (A,B,P,Q,f,g) be a strict Morita context in Dys-g 2. Then

P®BO:BQ§{—>AQ§I
1) the functors are inverse equivalences.
Q®A0:A£‘2H—>BQH
S S
. H H
e P: SQA —>SQB

i) the functors are inverse equivalences.
e0pQ: g2 — g2f

iii) If P is faithfully projective as an (A-B)-bimodule and @ faithfully projective as a (B-A)-
bimodule, then the module isomorphisms

Homs(Q,A) — P —-gHom(Q,B) and Hompg(P,B)—Q — sHom(P,A)
are respectively isomorphisms of dyslectic Hopf Yetter-Drinfeld (A-B,H)-bimodules and
(B-A, H)-bimodules.
iv) If P is faithfully projective as an (A-B)-bimodule and @ faithfully projective as a (B-A)-
bimodule, then the isomorphisms

Endp(P)—A — gEnd(Q) and Endas(Q)—B — sEnd(P)

are isomorphisms of dyslectic Hopf Yetter-Drinfeld (S, H)-module algebras.

Proof.

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021
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i) Forall M e 228, (Q®4 M)ep 2}, then
Pop@®sM)=(PopQ)®s M=Ao M =M =1d, ou(M)
and for all M € p2¥, (P @ M) € 4 28, then
Qes(PegM)=(@Q®sP)opM=BegM=M=1d, ,uM).

That is, P ®p » and @ ® 4 * are inverse each other.
i1) We use the same way as i).

iii) Let us define the maps

¢:P— Homa(Q,A) givenby ¢(p)q)=f(p®q)

and
¢':P— pHom(Q,B) givenby ¢'(p)(q)=g(q®p).

Let us also define the maps
w:Q — Hompg(P,B) given by w(q)(p)=g(q®p)

and
v':Q — aHom(P,A) givenby ¢'(¢)(p)=f(peq).

Using the dual basis of P and @, we can prove as in [14, Proposition 1.1.5, item 2.] and
its proof.

iv) Let us consider the well-defined maps
a:A— Endg(P); ala)p)=ap, a':A— pEnd@); da'(a)q)=qa
and
p:B— Enda(Q); B(b)q)=0gq, B :B— AEnd(P); B(b)p)=bp

We can prove this by using again the dual basis of P and @ as in [14, Proposition 1.1.5,
item 3.] and its proof.

O

Let us set A#gA = A*e and A#gA =# A, where A is the H-opposite algebra of A (for more
details and properties, see [32, Section 4]). Since A*e and #¢A are algebras in Dys-g 2 (cf
[32, Proposition 5.1]), we can consider the category n Qg of left Hopf Yetter-Drinfeld (A", H)-
modules and the category SQQA of right Hopf Yetter-Drinfeld (¥ A, H)-modules. Clearly, A

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021
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is an object of these two categories: the left A*c-action and the right #¢A-action on A are
respectively defined by
(a#b).c =acp(c1.b), (4.2.3)

and
c.(a#b)=aplay.c)b; Va,b,ceA. (4.2.4)

If N € Dys-s2H | then the left A*e-module A ®g N has a compatible Hopf Yetter-Drinfeld H-
module action, so N — A ®g N defines a functor

Fp:Dys-s2" — , 2F.

In a similar way, if N € Dys-s 2% then the right *¢A-module N ®g A has a compatible Hopf
Yetter-Drinfeld H-module action, so N — N ®g A defines a functor

F}; :Dys-g 2" — 32

#e A :
For the definition of the right adjoint to the functors Fy and F,, we refer to [49].

Proposition 4.2.6. Let A be a dyslectic Hopf Yetter-Drinfeld (S, H)-module algebra. Then A is
an Azumaya algebra in Dys-g 2 if and only if Fr and Fl’-{ are equivalence functors.

Proof. Let A be a dyslectic Hopf Yetter-Drinfeld (S, H)-module Azumaya algebra. Then
the sextuple (A = Endg(A),S,A,A*,f,g) is a strict Morita context in Dys-s2H. The map
f:A®gA* - Endg(A) is the canonical map, g: A* ® 4 A— A#eEnd(A) is the evaluation map.
It follows from Theorem 4.2.5 that Fp is an equivalence functor with inverse A*® , . We

also have a strict Morita context (*¢A =g End(A),S,A,A*,f',g') in Dys-s2H . 1t follows from
Theorem 4.2.5 that F; is an equivalence functor with inverse e®, A"

Assume that F'g and Fl’q are equivalence functors. Taking A =S and B = A*e in [48, Theo-
rem 5.1], we get a strict Morita context (A#e,S,A#e Hom(A,A*) A, f,g)in Dys-g 2. It follows
from Theorem 4.2.5, that A is faithfully projective as an S-module and A*e = Endg(A). Using
the right hand version of [48, Theorem 5.1] with A =S and B =*# A, we get a strict Morita con-
text (#eA,S,A,Hom#eA(A,#eA),f,g) in Dys-s2H. So A is faithfully projective as an S-module
and A = gEnd(A).

4.3 Generalization of the Rosenberg-Zelinsky sequence

In this section, we will present a generalization of Rosenberg-Zelinsky sequence for H-linear,
H-colinear S-algebra automorphisms of dyslectic Hopf Yetter-Drinfeld (S, H)-module Azumaya
algebras. The approach is based that of [39, Section 4.1] and [14, Section 13.6].

Throughout this section, let H be a Hopf algebra with bijective antipode and let S be an
H-commutative dyslectic Hopf Yetter-Drinfeld H-module algebra.
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We can apply the preceding theorem to obtain a generalization of the Rosenberg-Zelinsky
exact sequence, as is done in [39, Section 4.1] and [14, Section 13.6].

If A is an (S, H)-algebra, let H-Autg(A) be the group of all H-linear, H-colinear S-algebra
automorphisms of A. An element a of H-Autg(A) is called H-inner if a(x) = (xl.u)xou_1 for all
x € A, for some unit u of A. An element a of H-Autg(A) is H-INNER if there is an H-invariant,
H-coinvariant unit u of A for which the inner automorphism arising from « is equal to a (u € A
is H-invariant when H acts trivially on u;i.e. h.u =eg(h)u, for all h € H; u € A is H-coinvariant
when H coacts trivially on u;i.e. up®u1 = u® 1g.) The subgroup of H-inner (resp., H-INNER)
automorphisms of A will be denoted H-Inn(A) (resp., H-INN(A)). H-INN(A) is a subgroup
of H-Inn(A).

For a, f € H-Autg(A), we denote by oA the A-A-bimodule A which acts on left via @ and
on right via 8. ;A g will be the object of 44, Qg that is, it is equal to A as a Hopf Yetter-Drinfeld
(S, H)-module and has left A*e-action

(a®b).c =(ala)® B(b)).c = ala)f(co)c1.b) (4.3.1)

Lemma 4.3.1. If a, B, y € H-Autg(A), then

~

«Ap = yaAypin ge. 2H;

\]

. 1AL ®4 1Aﬁ = 1Aaﬂ in A#e‘gg;

o

1A 4 = 1A1 as A*e-modules if and only if a is in H-Inn(A); and

4. 1A =1A10n g4, Qg if and only if a is in H-INN(A).
Proof. See the proof of [14, Theorem 13.6.1] or adapt the proof of [31, Lemma 5.3].

O

Definition 4.3.2. A dyslectic Hopf Yetter-Drinfel'd (S,H)-module M is called invertible if there
exists another dyslectic Hopf Yetter-Drinfel’d (S, H)-module N such that M®gN = S as dyslectic
Hopf Yetter-Drinfel’d (S, H)-modules. Isomorphism classes of invertible objects of D ys-g 21

form a group under the tensor product &g called the Picard group of dyslectic Hopf Yetter-
Drinfel’d (S,H)-modules and denoted by P2 (S, H).

The isomorphism class in Pic(S) (the group of isomorphism classes of invertible S-modules)
represented by an invertible S-module M will be denoted by [M]. If it exists, the isomorphism
class in P2 (S, H) represented by an object M € Dys-g 2 will be denoted by {M}.

Theorem 4.3.3. Let A be a dyslectic Hopf Yetter-Drinfeld (S,H)-module Azumaya algebra.
Then there are exact sequences of groups

1— H-Inn(A) — H-Autg(A) = Pic(S) (4.3.2)
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and

1—»H-INN(A)—»H-Auts(A)EPQH(S,H). (4.3.3)
The homomorphisms ¥ and ® are respectively defined by
Y(a) =[Gr(1Ay)]
and
O(a) ={Gr(1A},

for every a € H-Autg(A), where Gy is the inverse of the equivalence functor Fgp: N — A ®g N.

Proof. V¥ is simply the restriction of the map
Y : Autg(A) — Pic(S)
used in the original Rosenberg-Zelinsky exact sequence
1— Inn(A) — Autg(A) = Pic(S)

to the subgroup H-Autg(A). So exactness of the first sequence is immediate. For the other
sequence, the fact that @ is a group homomorphism follows from Lemma 4.3.1 (ii) and the fact
that Gy is a functor equivalence. Furthermore, if @ € H-Autg(A), we will have Gy(1A,) =S
if and only if {A, = 1A1. Therefore, Ker® = H-INN(A). Exactness of the second sequence
follows.

4.4 A dyslectic (S,H)-dimodule version of the Rosenberg-
Zelinsky exact sequence

In this section, we give a version of the Rozenberg-Zelinsky sequence for dyslectic (S,H)-
dimodules. When H is a commutative and cocommutative Hopf algebra, every Yetter-Drinfel’d
H-module becomes an H-dimodule (see (2.1.9)).

Let M and N be two (S, H)-dimodules (cf. Section 2.2). Set Homg(M,N), the set of right
S-linear maps in s2¥ and gHom(M,N) the one of left S-linear maps in g2. Using [33,
Lemmas: 3.2, 3.3 and 3.4]; for an (S, H)-dimodule P wich is finitely generated projective as a
left S-module, the functors

Homg(P,s): s9H — goH sHom(P,e): g2 — qoH
and
0®sP239H—>59H P®SOZS@H—>s@H

Brauer groups in some braided monoidal categories C. L. NANGO ©UASZ/UFR-ST/LMA/Hopf Algebra, 2021



CHAPTER 4. ROSENBERG-ZELINSKY EXACT SEQUENCE 1 18

are two pairs of adjoint functors.

For M and N two dyslectic (S, H)-dimodules (cf. Section 2.3), if M is finitely generated pro-
jective as a right S-module, by [33, Lemma 4.5], Homg(M,N) and sgHom(M,N) are dyslectic
(S, H)-modules. Therefore, the functors

Homg(P,): Dys-s2H — Dys-g@H sHom(P,s): Dys-s?" — Dys-¢2
and
e®gP:Dys-s?" — Dys-g2H P®ge:Dys-s?H — Dys-g2H

are two pairs of adjoint functors (where P is finitely generated projective as a right S-
module).

Let A be a dyslectic (S, H)-dimodule Azumaya algebra (cf. Section 2.5). Using the results
of Sections 4.2 and 4.3, we get similar results for dyslectic (S, H)-dimodules. The analogous
equations of (4.2.3), (4.2.4) and (4.3.1) are respectively:

(a#b).c =a(bi.c)by 4.4.1)
c.(a#b) = (c1.a)cob (4.4.2)
(@®b).c =(ala)® B(b)).c = ala)bi.c)B(bg) (4.4.3)

The isomorphism class in Pic(S) represented by an invertible S-module M will be denoted
by [[M]1]. Let P2 (S,H) be the group of isomorphism classes of dyslectic (S, H)-dimodules
M for which there exists a dyslectic (S, H)-dimodule N for which M ®g N = S as dyslectic
(S,H)-dimodules. If it exists, the isomorphism class in P2 (S,H) represented by an object
M € Dys-s2™ will be denoted by {{M}}.

Theorem 4.4.1. Let A be a dyslectic (S,H)-dimodule Azumaya algebra. Then there are exact
sequences of groups

1— H-Inn(A)— H-Autg(A) % Pic(S) (4.4.4)

and

1— H-INN(A) — H-Autg(A) & P2H (S, H). (4.4.5)
The homomorphisms W' and ®' are respectively defined by

¥'(@) = [[GHGA)]]

and

O'(a) = {GrGAY,

for every a € H-Autg(A), where Gy is the inverse of the equivalence Frj: N — A ®g N.

Proof. The proof of this theorem is similar to the proof of Theorem 4.3.3.
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CONCLUSION AND PERSPECTIVES

Conclusion

Dans cette thése nous avons introduit et défini la notion des (S, H)-dimodules dyslectiques
et défini la catégorie D ys-s@™ , dont ils sont les objets. Nous avons défini les algébres ’Azumaya
de cette catégorie et établi leur groupe de Brauer BD(S,H). Ce groupe généralise celui établi
par Long dans [40]. Nous avons établi une relation d’anti-isomorphisme entre le groupe de
Brauer BD(S,H) et le groupe de Brauer BQ(S°P,H) défini dans [32]. En 1990, Tilborghs
a montré qu’il y a un anti-isomorphism de groupes entre les groupes de Brauer BD(R,H) et
BD(R,H™) et dans cette thése, nous avons généralisé son résultat en montrant que BD(S,H) —
BD(S°P,H") est un anti-isomorphisme de groupes. La partie 4 de cette thése généralise aussi
les résultats de Caenepeel, Oystaeyen et Zhang (cf, [17]) et de Caenepeel (cf, [14, Theorem
13.6.1]) sur les suites exactes de Rosenberg-Zelinsky.

Perspectives

Dans un futur immédiat, nous souhaiterons mener nos recherches dans le sens a si on peut
établir un anti-isomorphisme de groupes entre le groupe de Brauer-Clifford-Long BQ(S,H)
des algebres d’Azumaya des (S,H)-modules de Hopf-Yetter-Drinfeld dyslectiques défini par
Guédénon et Herman dans [32] et le groupe de Brauer-Clifford-Long BQ(S°P,H*) des algébres
d’Azumaya des (S°P,H*)-modules de Hopf-Yetter-Drinfeld dyslectiques ou H est une algébre
de Hopf de dimension finie, H* son dual et S°? I’algébre opposée de I'algébre de H-module
de Hopf-Yetter-Drinfeld H-commutative S. Ce serait une généralisation du résultat établi par
Nango (voir [46]). Nous voudrions également définir les sous-groupes de Brauer des groupes
de Brauer BQ(S,H) de [32] et BD(S,H) de [33]. Dans la suite nous envisageons de:

v" Voir si on pourra définir le Groupe de Brauer-Clifford des algébres dans la caté-
gorie des A#yC-modules : ici, A est une algébre de H-module a gauche commuta-
tive et C une algebre de H-comodule a gauche. On signale que 'algébre A#C est une
généralisation de A#H.

v" Voir si on pourra définir le Groupe de Brauer-Clifford des algébres dans la caté-
gorie des A#pC-modules H-localement finis ou A est une algébre de H-module a
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gauche commutative et C une algébre de H-comodule a gauche.

v" Trouver des conditions suffisantes pour la semi-simplicité (ou compléte réductibil-
ité) de la catégorie .« f des (H-A)-bimodules de Hopf. On en déduira alors la semi-
simplicité de la catégorie H./%g . Des résultats analogues pour les catégories .4, /%g ,
274 @Z et fg ont déja été établis.

Plus tard nous souhaiterions orienter nos recherches a I'introduction et a ’étude des notions
de coalgebres de dimodules de Long, bialgebre de dimodules de Long, algebres de Hopf de di-
modules de Long, de H-comodules de Hopf-Yetter-Drinfeld, de coalgebres (bialgebres, algebres
de Hopf) de H-modules de Hopf-Yetter-Drinfeld.
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